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Chapitre 1

Introduction

Nous nous intéressons dans ce qui suit & trois modeéles en milieux aléatoires en dimension
un :

— les marches aléatoires en milieu aléatoire,

— les diffusions dans un potentiel brownien avec ou sans drift,

— un systéme de marches aléatoires en milieu aléatoire avec branchement.

L’étude de ces modeéles nécessite des approches variées. On regarde plus particuliérement des
propriétés liées aux grandes déviations et au maximum du temps local.

Nous présentons les marches aléatoires en milieu aléatoire dans la premiére partie. La
deuxiéme partie contient un rappel des propriétés importantes de ce modéle, ainsi que des
diffusions dans un potentiel aléatoire. Les principaux résultats de cette thése sont présentés
dans la troisiéme partie.

1 Présentation des marches aléatoires en milieu aléatoire

1.1 Motivation

Les marches aléatoires usuelles permettent de modéliser de nombreux phénomeénes : ruine
des joueurs, approximation du mouvement brownien, étude des gaz, etc. Cependant, dans
ce modeéle I'espace est homogéne, et ne prend pas en compte les imperfections de ’environ-
nement, par exemple des impuretés dans un métal, ou la présence d’'un champ de forces
aléatoire. Or, dans de nombreux systémes physiques et biologiques, ces défauts de I'envi-
ronnement sont loin d’étre négligeables, et donnent naissance a des phénomeénes inattendus.
Il est donc apparu nécessaire d’introduire de nouveaux modéles qui prennent en compte
I’hétérogénéité spatiale résultant de ces défauts.

Différentes approches ont émergé. Nous nous intéressons ici plus spécifiquement aux
marches aléatoires en milieu aléatoire, introduites en 1967 par le biophysicien Chernov [14].
Nous les notons dans la suite RWRE pour « random walks in random environment ». En
dimension un, les RWRE sont définies de maniére informelle de la fagon suivante :
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— La premiére étape consiste a choisir, aléatoirement, un coefficient w; €]0, 1[ pour tout
entier ¢ € Z. Ces coefficients constituent 1’environnement, ou le milieu, qui est donc
bien aléatoire. Cet environnement peut étre représenté par la figure 1.1.

1-w, , 1-0
() ()

- —— ——t—F—1— >
-1 0 1 i-1 i i+l

Fia. 1.1 — Milieu aléatoire en dimension 1

— Dans une deuxiéme étape, on considére une particule, située a la position 0 a 'instant
0. Avec probabilité wy, elle saute a la position 1 & l'instant 1, sinon elle saute a la
position —1. De méme, si elle est au point ¢ & l'instant n, elle va en i + 1 a l'instant
n + 1 avec probabilité w;, sinon elle va en ¢ — 1, et ainsi de suite.
Les marches aléatoires en milieu aléatoire en dimension supérieure sont définies de fagon
similaire. Nous verrons par la suite que les RWRE présentent des comportements tres diffé-
rents de ceux des marches aléatoires usuelles, a cause de la compétition entre deux couches
d’aléa, ’environnement d’une part, et le mouvement de la particule d’autre part.

Les RWRE sont utilisées dans des contextes variés. Tout d’abord, Chernov [14] les intro-
duit dans l'objectif de modéliser la réplication de 'ADN. De plus, les généticiens recourent
actuellement aux RWRE dans d’autres situations. Par exemple, Lubensky et Nelson [58] se
servent de ce type de modéle pour étudier la micro manipulation des brins d’ADN.

Temkin [82| reprend quant & lui ce modéle en 1972 avec des motivations liées non seule-
ment a la génétique mais aussi a la métallurgie, et plus particuliérement a la cinétique des
transitions de phase dans des alliages.

Les RWRE sont aujourd’hui étudiées a la fois par des physiciens et des mathématiciens,
et s’appliquent a l’étude du comportement de nombreux phénomeénes de diffusion et de
transport dans des milieux spatialement hétérogenes.

1.2 Définition en dimension un

Les marches aléatoires en milieu aléatoire & une dimension sont définies de la fagon
suivante.

Définition 1.1 Soit (w;)iez une suite de variables aléatoires indépendantes et identiquement
distribuées. Une réalisation de ces variables aléatoires est appelée un environnement. Etant
donné un environnement w = (w;)iez, on appelle marche aléatoire en milieu aléatoire la
chaine de Markov (S,)nen définie par Sy =0 et pour n > 0,

w; sik=1+1,
P,(Spi1=k|S, =1) = l—w, sitk=1i—1, (1.1)
0 Sinon.
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Remarquons que lorsque la loi de wy est une masse de dirac, (S,),en est une marche aléa-
toire usuelle ; nous évitons ce cas dégénéré dans la suite. Nous verrons que le comportement
de (Sp)nen dépend considérablement de la loi de ’environnement w, notée 7.

Il convient de signaler que 'on distingue deux lois de probabilités différentes. La loi de
probabilité conditionnellement & I’environnement, notée P, et définie ci-dessus, est appelée la
loi quenched (c’est & dire « trempé », selon la terminologie provenant de la métallurgie). Cette
loi présente ’avantage d’étre markovienne, mais elle ne posséde pas de propriété d’invariance
par translation. La loi annealed (« recuite ») est quant a elle définie comme la moyenne de la
loi quenched sur tous les environnements, c’est a dire P(.) = [ P,(.)n(dw), ot 7 est la loi de
I’environnement. Il s’agit d’une loi invariante par translation mais non markovienne. Certains
phénomeénes, comme les grandes déviations notamment, ont des propriétés différentes sous
ces deux lois.

D’autres modéles similaires sont étudiés, avec des techniques trés différentes. Par exemple,
Key [54], Derriennic [26] et Brémont [9] autorisent la marche & faire des sauts de taille
variable. Voir également Kirkpatrick [55] pour un modéle de conductivité aléatoire, de Gennes
[34], Berger, Gantert et Peres [5] au sujet de marches aléatoires sur des amas de percolation,
Dembo, Gantert, Peres, Zeitouni [22| pour des marches aléatoires sur des arbres aléatoires,
et plus généralement Bolthausen et Sznitman [8] pour divers modéles en milieux aléatoires.

L’étude des RWRE en dimension supérieure s’avére particuliérement difficile. Les mé-
thodes employées sont trés différentes de celles employées en dimension 1. Citons néanmoins
quelques références pour donner un apergu du sujet. Kalikow [45] établit un critére de tran-
sience, Sznitman et Zerner [77|, puis Comets et Zeitouni [19] et Enriquez et Sabot [27]
prouvent des lois des grands nombres, Sznitman [75] un théoréme central limite, et Va-
radhan [83] étudie les grandes déviations. Voir également Adelman et Enriquez [1] sur les
informations données par une trajectoire sur la loi de I’environnement, les résultats récents
de Sabot [67], Fontes et Mathieu [29], Mathicu et Piatniski [62] et plus généralement les
cours de Sznitman [76] et Zeitouni [84].

Nous verrons par la suite que les RWRE et les marches aléatoires usuelles ont des proprié-
tés tres différentes. L’objectif de la partie suivante est de donner un apercu de la richesse des
comportements en milieu aléatoire (en dimension un), richesse qui résulte de la compétition
entre I’environnement et 'agitation thermique.

2 Un rapide tour d’horizon des résultats connus en envi-
ronnement aléatoire

Dans la partie 2.1, nous présentons les résultats les plus classiques concernant les RWRE.
Puis, dans la partie 2.2, nous introduisons un modé¢le continu analogue aux RWRE : les
diffusions dans un potentiel aléatoire. Nous évoquons ensuite les résultats concernant les
grandes déviations pour les RWRE et les diffusions dans un potentiel brownien avec ou sans
drift dans la partie 2.3. Enfin, nous nous intéressons au maximum du temps local pour ces
deux processus dans la partie 2.4.
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2.1 Premiéres propriétés des marches aléatoires en milieu aléatoire

On se place dans toute la suite sous 'hypothése suivante
deg > 0, n(eo <wy <1—gp) =1 (2.1)

On définit par ailleurs
1—-&%

Pi ‘= .
Wi

Pour éviter le cas dégénéré des marches aléatoires usuelles, on suppose dorénavant que
o? := Var(log py) # 0.

Les critéres de récurrence et de transience des RWRE sont déterminés en 1974 par So-
lomon [74]. 11 prouve que la marche (S,)en est récurrente si et seulement si E(log py) = 0.
Il établit de plus une loi des grands nombres : il existe une vitesse limite v € [—1,1], ne
dépendant que de la loi de I'environnement, telle que

& — v P-p.s.

n n—+oo
Contrairement aux marches aléatoires usuelles, les RWRE peuvent avoir une vitesse v nulle
méme dans le cas transient. En 1975, Kesten, Kozlov et Spitzer [53] donnent dans le cas
transient un théoréme de type central limite dans lequel apparaissent trois régimes différents,
en fonction du paramétre s, unique solution de I'équation E(p§) = 1.

Sinai [72] montre en 1982 que dans le cas récurrent, les RWRE sont beaucoup plus lentes
que les marches aléatoires usuelles. Plus précisément, il existe une variable aléatoire non
dégénérée et non gaussienne b, telle que

S loi
2_n % . 2.2
’ (logn)? n—too (22)

Ce phénomene contraste avec le cas des marches aléatoires usuelles qui ont un comportement
asymptotique en /n. La démonstration de Sinai fait apparaitre une quantité qui joue un
role important, le potentiel V. On le définit comme suit pour z € Z :
x x
S logpi = > log —1;?"" six >0,
i=1 i=1 '
V(z):=¢ 0 siz=0, (2.3)

r—1 r—1
—Zlogp_i:—Zlog% six < 0.
i=0 i=0 -

Cette quantité dépend uniquement de l’environnement et joue un role analogue & une
énergie en physique. Le caractére sous-diffusif (2.2) des RWRE établi par Sinai est di a la



2. Un rapide tour d’horizon des résultats connus en environnement aléatoire 13

70

60

50

40—

30

20

10

-10

20—
0 4000 8000 12000 16000 20000 24000 28000 32000 36000 40000

F1G. 1.2 — Marche aléatoire en milieu aléatoire récurrente, en dimension 1

présence de « trappes ». Ce sont des puits de potentiel (il s’agit de fonds de vallées pour le
potentiel V') dans lesquels la marche (.S,,),en reste piégée longtemps avant de réussir a s’en
échapper. Elle est ensuite piégée par un autre puits de potentiel, dans lequel elle passe encore
plus de temps, et ainsi de suite. On peut observer un tel phénoméne sur la figure 2.1, ou
I'on distingue nettement trois piéges dans lesquels la marche passe I'essentiel de son temps.
Golosov [35] localise ensuite plus précisément la particule, toujours dans le cas récurrent.
De tels phénomeénes de localisation de (S,),en seront utiles dans le chapitre 2, pour des
environnements w bien choisis.

2.2 Diffusion dans un potentiel aléatoire

Afin de pouvoir disposer de la puissance du calcul stochastique, Schumacher [68] a 'idée
d’associer aux RWRE une diffusion en milieu aléatoire. Soit un processus aléatoire (V(z), x €
R). On considére la diffusion (X(¢), ¢t > 0), définie comme la solution formelle de ’équation
différentielle stochastique suivante

dX(f) = dB(t) — LV (X (1)),
{ X(0) 0 (2.4)



14 1. Introduction

ou (B(t), t > 0) est un mouvement brownien indépendant de V. Le processus X est appelé
diffusion dans le potentiel aléatoire V. Si V n’est pas dérivable, I’équation précédente n’a
qu'un sens formel. On définit alors plus rigoureusement X comme un processus de Markov
dont le générateur infinitésimal, conditionnellement & V', est donné par la formule

Lvd (v d
26 dz € dz /)

En utilisant un argument de type Donsker, on constate que le potentiel d'une RWRE
défini dans 'équation (2.3) est asymptotiquement un mouvement brownien (avec drift dans
le cas transient). C’est pourquoi l'on étudie plus particuliérement la diffusion X dans un

potentiel

We(zx) = W(x) — gx,

avec k € R, ou W est un mouvement brownien indépendant de (3. Le comportement des
diffusions dans ce type de potentiel présente de nombreuses similitudes avec celui des RWRE.

Le cas récurrent, qui correspond a £ = 0, est introduit par Brox [10]. Il prouve, en
utilisant I'auto-similarité du mouvement brownien, que ce processus X a un comportement
asymptotique en (logt)?, comme les RWRE récurrentes. De méme, Kawazu, Tamura et
Tanaka [47] et Hu [39] localisent précisément la diffusion X dans un puits du potentiel,
donnant ainsi un résultat analogue a celui de Golosov.

Dans le cas récurrent, les preuves sont souvent basées sur la localisation de la particule.
Or, dans le cas transient, c’est a dire k # 0, nous ne disposons pas de résultat de localisation,
et d’autres techniques sont utilisées. Une premiére méthode se base sur le lemme de Kotani,
qui relie la transformée de Laplace des temps d’atteinte de X conditionnellement a I’envi-
ronnement a la solution d’une équation différentielle stochastique. A partir de ce lemme et
de la théorie spectrale de Krein, Kawazu et Tanaka [49] prouvent qu’il existe trois régimes
différents, en fonction de la valeur de & :

— 81 0 < Kk < 1, la vitesse est nulle et les temps d’atteinte de X sont polynémiaux;

— si k > 1, le processus X a une vitesse limite non nulle;

— dans le cas critique kK = 1, le temps d’atteinte de r par X est asymptotiquement de

I'ordre de rlogr.
Remarquons une fois de plus I'analogie entre ces trois régimes et ceux observés pour les
RWRE par Kesten, Kozlov et Spitzer [53].

Ce résultat est précisé par les travaux de Kawazu et Tanaka [50], Tanaka [81], puis Hu, Shi
et Yor [44], qui quantifient tous les taux de convergence des temps d’atteinte. En particulier,
Hu et al. [44] développent une méthode nouvelle basée sur la transformation de Lamperti
(voir Revuz et Yor [66], chap. XI) et les processus de Jacobi, méthode que nous exploiterons
dans le chapitre 4.

Des diffusions dans d’autres types de potentiel aléatoire sont également beaucoup étu-
diées. Comme le potentiel d'une RWRE peut étre asymptotiquement un processus stable si
I'on supprime ’hypothése (2.1), il est intéressant d’étudier les diffusions dans un potentiel
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stable. Voir notamment a ce sujet les travaux de Kawazu, Tamura et Tanaka 47|, Cheliotis
[13] et Singh [73]), et ceux de Carmona [11| pour des potentiels de type processus de Lévy.
D’autre part, Mathieu [61] ajoute au potentiel W, une fonction du type z +— z®. Il étudie
le comportement asymptotique d’une diffusion dans ce nouveau potentiel aléatoire, qui n’est
plus auto-similaire, en fonction de la valeur de «. Par ailleurs, Tanaka [79, 80| généralise
les diffusions en potentiel aléatoire en dimension supérieure, et Mathieu [59, 60| obtient des
comportements asymptotiques en (logt)® en étudiant les vallées du potentiel.

2.3 Grandes déviations

L’étude des grandes déviations concerne le comportement asymptotique de la probabi-
lité de certains événements rares, du type P(X,/n € A) ou P,(X,/n € A), lorsque ces
probabilités tendent vers 0.

En 1994, Greven et Den Hollander [36] prouvent que les RWRE satisfont un principe de
grandes déviations sous la loi quenched (conditionnellement & ’environnement). La fonction
de taux pour la loi quenched a la particularité d’étre déterministe. Grace & une expression
de cette fonction sous la forme d’une fraction continue & coefficients aléatoires, ils obtiennent
certaines de ses propriétés qualitatives. Cependant nous ne disposons pas de son expression
explicite dans le cas général, et de nombreuses questions concernant les propriétés de cette
fonction de taux restent ouvertes.

Comets, Gantert et Zeitouni [15] démontrent un principe de grandes déviations sous la loi
annealed, et établissent 'existence de grandes déviations fonctionnelles. En particulier, les
fonctions de taux pour les grandes déviations quenched et annealed sont différentes lorsque
la fonction de taux annealed est non nulle. Noter que ce phénomeéne n’est plus vrai pour les
marches aléatoires sur des arbres aléatoires étudiées par Dembo, Gantert, Peres et Zeitouni
[22], pour lesquelles les fonctions de taux quenched et annealed coincident. Un des phéno-
meénes importants concernant les grandes déviations est le lien qui existe en général entre la
dérivée seconde de la fonction de taux en 0 et la sous-diffusivité. Nous nous intéressons a de
telles propriétés dans le chapitre 2.

Taleb [78] quant & elle prouve que les diffusions dans un potentiel brownien, avec ou
sans drift, admettent un principe de grandes déviations sous les lois quenched et annealed,
et donne pour les fonctions de taux des expressions plus explicites, & 1’aide de fonctions de
Bessel.

Nous préciserons certaines propriétés de ces fonctions de taux dans le chapitre 2. D’autre
part, nous présenterons une application des résultats de grandes déviations a I'étude d’un
systéme de marches aléatoires en milieu aléatoire avec branchement dans le chapitre 3.

2.4 Fluctuations du temps local

Une des quantités importantes pour une RWRE (S),),en est le temps local, défini par

En,z) :=#{0 < k <n, S, ==z}, re€Z, teN.
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Il s’agit donc du nombre de visites au point x de la marche jusqu’a l'instant n. Révész
[64, 65|, puis Hu et Shi [41] déterminent dans le cas récurrent les fluctuations de &(n,x)
pour x fixé et montrent que le temps local d'une RWRE peut prendre des valeurs beaucoup
plus importantes que celui d’'une marche aléatoire usuelle. Ceci est cohérent avec le résultat
(2.2) de Sinai. En effet, la marche aléatoire en milieu aléatoire est plus lente qu'une marche
aléatoire usuelle, il est donc vraisemblable qu’a certains instants elle ait passé plus de temps
que cette derniére en un point donné.

Il est alors naturel de chercher & mieux comprendre les fluctuations non plus du temps
local en un point donné, mais du maximum du temps local

¢(n) := max{(n, z).

Afin de comprendre a quel point £* peut prendre des grandes valeurs, on étudie le probléme
suivant. Pour une fonction f donnée, on essaie de savoir s’il existe une infinité d’instants n
pour lesquels £*(n) est au moins aussi grand que f(n), ou si, au contraire, £* est majoré par
f a partir d’'un certain temps.

On constate que le maximum du temps local £* exhibe des propriétés particuliérement
surprenantes qui témoignent de la trés forte concentration a certains instants de la RWRE
autour de ses sites les plus visités. En effet, Révész [65] puis Shi [70] montrent que pour une
RWRE récurrente,

*
lim sup &)

n——+o0 n

= (1,

ol ¢; est une constante strictement positive. Il existe ainsi une infinité d’instants auxquels
la RWRE a passé en un seul point une fraction de son temps supérieure a c;. Gantert et
Shi [31] montrent que ce résultat reste vrai pour une RWRE transiente a vitesse nulle. En
revanche, ils établissent que limsup,_,  £*(n)/n = 0 pour une RWRE & vitesse non nulle.
Ils caractérisent dans ce cas les classes de Lévy au sens « limsup », c’est a dire les fonctions
croissantes f pour lesquelles

limsup X (¢)/f(t) = +o0 P-p.s.

t——+o00

et les fonctions croissantes g pour lesquelles

limsup X (t)/g(t) =0 P-p.s.
t—-+4o00
Les mémes questions se posent naturellement pour les diffusions en milieu aléatoire, dont
le temps local est défini par la formule

t

1
L t) :=lim — 1 d t> R.
X(Ia ) Elf(r)l e J, X (s)€[z,x+e]AS, = 07 YIS

On s’intéresse comme précédemment au maximum du temps local

L% (t) :==sup Lx(t,x).
z€R
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Shi [70] étudie cette quantité pour une diffusion dans un potentiel brownien sans drift, et
prouve que

limsup L% (t)/(tlogloglogt) > 0.

t——+o0
La majoration correspondante n’est pas encore établie.

Signalons également les problémes intéressants concernant les points les plus visités, ¢’est

a dire les points = pour lesquels &(n, z) = £*(n). Voir par exemple Erdds et Révész 28] pour
les marches aléatoires usuelles, Hu et Shi [42] et Shi et Zindy [71] dans le cas des RWRE.

3 Principaux résultats

Cette section présente brievement les principaux résultats obtenus. Certains énoncés sont
reproduits ici, mais d’autres ne sont donnés que dans le chapitre correspondant.

3.1 Chapitre 2 : Quelques propriétés des fonction de taux de grandes
déviations quenched d’une RWRE

Dans ce chapitre, nous nous intéressons & deux conjectures présentées par Greven et den
Hollander [36] en 1994, et rappelées dans den Hollander [37] en 2000. Elles concernent des
propriétés de la fonction de taux de grandes déviations quenched d’'une RWRE.

Tout d’abord, ils conjecturent dans (|36], open problem 2) que dans le cas récurrent,
la fonction de taux quenched /! d'une RWRE a une dérivée seconde infinie en 0. Ceci
correspondrait au caractére sous-diffusif de la marche. Le chapitre 2 apporte une réponse
positive & cette question.

Théoréme 3.1 (voir Theorem 1.1, page 31) Si (Sp)nen est une marche aléatoire en milieu
aléatoire récurrente, alors

: a1 () —
gli,%l+(]77) (0) = +o0.

La méthode utilisée consiste a déterminer le comportement asymptotique des dérivées
successives de la transformée de Laplace du temps d’atteinte du point 1 par (S, ),en, c’est &
dire de

7 = inf{n >0, 5, =1}

(voir Proposition 1.2, page 31). Nous construisons pour cela des environnements qui contraignent
la particule a s’éloigner longtemps de 'origine puis nous localisons la particule dans un pro-
fond puits de potentiel.

Nous nous intéressons ensuite a la question « open problem 3 » énoncée dans Greven et
Den Hollander ([36]. Les auteurs conjecturent que ’on peut comparer dans le cas transient
la fonction de taux quenched d’'une RWRE avec la fonction de taux de grandes déviations
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d’une marche aléatoire usuelle de méme vitesse limite. Plus précisément, ils suggérent que,
dans l'échelle logarithmique, la probabilité que S, /n soit supérieur a la vitesse limite est
plus grande pour une RWRE que pour une marche aléatoire usuelle de méme vitesse limite.
Nous nous sommes intéressés au probléme correspondant dans le cas continu, pour lequel la
fonction de taux est plus explicite. Nous donnons une réponse positive & cette comparaison
pour la diffusion X dans le potentiel W, (z) = W (z) — 5. On note v, la vitesse limite de
X, c’est a dire I'unique réel tel que lim,, ., X(t)/t = v, P-presque stiirement.

Théoréme 3.2 (voir Theorem 1.3, page 32) Si k > 1, alors la fonction de tauzx de grandes
déviations quenched de X, notée J. vérifie 'inégalité

Vo > v, Jo(2) < J2 (),

ol Ji est la fonction de taux de grandes déviations du mouvement brownien avec drift
(B(t) + vit, t >0).

Le méthode utilisée est purement analytique. On prouve au passage une inégalité a notre
connaissance nouvelle sur des quotients de fonctions de Bessel modifiées (voir Proposition
1.4, page 32).

3.2 Chapitre 3 : Comportement asymptotique d’un systéme de marches
aléatoires en milieu aléatoire avec branchement

Ce chapitre présente une application des résultats de grandes déviations pour les RWRE.
Nous y étudions un systéme de particules qui se reproduisent selon un processus de Galton—
Watson supercritique, et se déplacent dans un milieu aléatoire (celui de la figure 1.1) dans
le cas « transient vers la gauche », c’est a dire E(log py) > 0.

Le modéle est défini plus précisément de la fagon suivante. Soit une suite de réels (py)ren,
tels que py > 0 pour tout k, et ), pp = 1. Considérons un environnement w fixé.

— A T'instant n = 0, il y a uniquement une particule, située en 0.

— A Tinstant n = 1, la particule saute en 1 avec probabilité wgy, et en —1 avec probabilité
1 — wp. Arrivée a sa nouvelle position, elle donne naissance a k nouvelles particules avec
probabilité p, et meurt.

— A l'instant n = 2 chaque particule bouge indépendamment (vers un site voisin), selon les
probabilités définies en (1.1). Puis elles se reproduisent indépendamment, avec la méme loi
de reproduction que précédemment, et meurent.

— En itérant ce procédé nous obtenons un systéme de marches aléatoires en milieu aléatoire
avec branchement. Remarquons que le processus de branchement sous-jacent, noté I', est
un processus de Galton—Watson. Nous supposons qu’il est supercritique, c’est a dire que le
nombre moyen m d’enfants de chaque particule appartient a (1,400). Nous supposons de
plus que le nombre d’enfants d’une particule a une variance finie.

Nous nous intéressons plus particulierement & la position m de la particule la plus a
droite a I'instant n. Le comportement de m;, résulte de la compétition de deux phénomeénes :
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le mouvement d’une particule dans un environnement aléatoire, qui pousse chaque parti-
cule vers —oo, et le branchement, qui augmente la probabilité de trouver des particules au
voisinage de +o0.

En utilisant les résultats de grandes déviations pour les RWRE, ainsi que des résultats
liés aux processus de branchement, nous prouvons le résultat suivant :

Théoréme 3.3 (voir Theorem 1.1, page 49) Supposons que [ log po(w)n(dw) > 0. Notons
I' le processus de Galton—Watson induit par la marche aléatoire avec branchement, et m, =
exp(I1(0)).

(i) Si 1l <m < me, alors

m*
P (lim sup —* < 0 | I' ne s’éteint pas) = 1.
n

n—oo

(i1) Sim > m., alors

P (lim inf 'n > 0 | T ne s’éteint pas) =1

n—oo N

Notre résultat le plus important est que la particule la plus & droite s’éloigne de 'origine
avec une vitesse limite non nulle pour m # m,.. Noue retrouvons par ailleurs pour notre
modeéle, par une méthode différente, le résultat de Comets, Menshikov et Popov [16] qui
établit sous des hypotheses différentes qu’il existe a partir d’un certain temps des particules
dans la partie positive si et seulement si le nombre moyen d’enfants d’une particule est
supérieur strictement a m..

3.3 Chapitre 4 : Le maximum du temps local d’une diffusion dans
un potentiel brownien avec drift

Ce chapitre concerne la diffusion (X(¢), ¢ > 0) dans un potentiel brownien avec drift
Wi(z) := W(x) — 2. On s’intéresse au temps local (Lx(t,z), t > 0, v € R) de X, et
plus particuliérement au maximum du temps local, c’est & dire & L (t) := sup,ep Lx (t, ).
L’étude porte principalement sur les fluctuations de L%. Nous mettons en évidence des
comportements surprenants qui contrastent avec ceux observés pour le maximum du temps
local d'une RWRE transiente. L’un des principaux résultats est le suivant :

Théoréme 3.4 (voir Theorem 1.7, page 66) Si 0 < k < 1,

L (t)

lim sup = +00 P-p.s.

t—+00
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Il existe donc P—presque stirement, dans le cas 0 < x < 1, une suite (t,,z,) € (R, R)N

telle que

Lx<tn,.’ﬂn) s too.
tn n—-+o0o

Ce résultat est d’autant plus surprenant que la diffusion X est transiente. Il met en évidence
la trés forte concentration de la diffusion autour des points les plus visités. Ce phénomeéne
contraste avec les résultats correspondants dans le cas des RWRE, obtenus par Gantert et
Shi [31]. En effet, le maximum du temps local d'une RWRE a l'instant ¢ est dans ce cas
nécessairement majoré par t/2.

Par ailleurs, nous déterminons entiérement les fluctuations du maximum du temps local
L% (t) dans le cas d’une diffusion transiente a vitesse non nulle, c’est a dire lorsque £ > 1
(voir Theorem 1.4 page 65 et Theorem 1.6 page 66). Les classes de Lévy au sens « lim sup »
pour le maximum du temps local L% (t) sont cette fois-ci en accord avec les résultats obtenus
par Gantert et Shi [31] pour les RWRE transientes & vitesse non nulle. Les fluctuations au
sens « liminf » de ce processus sont également établies sous la forme d’une loi du logarithme
itéré.

On définit le premier temps d’atteinte du niveau r» > 0 par la diffusion X par

H(r) :=inf{t >0, X(t) =r}.

Nous donnons de plus une caractérisation compléte des fluctuations du maximum du temps
local au temps H (r).

Théoréme 3.5 (voir Theorem 1.2, page 65) Si k > 0, alors

e Ly (H() A2\
lim inf ——~ =4 = P-p.s.
oo (r/loglogr)t/s 2 b

Les classes de Lévy au sens « limsup » de ce méme processus sont données par le test
intégral suivant.

Théoréme 3.6 (voir Theorem 1.3, page 65) Soit a : N — R* une fonction croissante. Si
k > 0, alors

= 1 Ly (H
Z { < teo = limsupM = { 0 P-p.s.

£~ na(n) | =+oo oo [ra(r)]V/F | 400

Par ailleurs, on détermine partiellement le comportement asymptotique au sens « lim inf »
du maximum du temps local L% () dans les cas 0 < k < 1 et kK = 1 (voir Theorem 1.4 page
65 et Theorem 1.5 page 66).

Enfin, on obtient également les classes de Lévy du processus des temps d’atteinte H, qui
s’avérent utiles dans I’étude de L% (¢) (voir Theorem 1.8 page 66 et Theorem 1.9 page 67).
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Une des conséquences est I’absence de convergence presque-siire du processus H (r)/(rlogr)
dans le cas k = 1. Il est a noter par ailleurs que les fluctuations de H sont dans le cas
0 < k < 1 similaires a celles d'un subordinateur stable d’indice k.

La preuve de ces résultats se base sur la méthode suivante. Nous commencons par don-
ner, pour 7 > 0 assez grand, une approximation simultanée de H(r) et de L% (H(r)) par
des fonctionnelles d'un méme mouvement brownien, valable avec une grande probabilité an-
nealed. Cette approximation utilise la méthode basée sur la transformation de Lamperti
et les processus de Jacobi, présentée par Hu, Shi et Yor [44], qui permet d’étudier les lois
asymptotiques de L% (H(r)), H(r) et L (H(r))/H(r).
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Chapitre 2

Some properties of the rate function of
quenched large deviations for random
walk in random environment

To appear in Markov Processes and Related Fields

In this paper, we are interested in some questions of Greven and den Hollander [3] about
the rate function I of quenched large deviations for random walk in random environment. By
studying the hitting times of RWRE, we prove that in the recurrent case, limg_o+ (1{)"(0) =
+00, which gives an affirmative answer to a conjecture of Greven and den Hollander [3]. We
also establish a comparison result between the rate function of quenched large deviations
for a diffusion in a drifted Brownian potential, and the rate function for a drifted Brownian
motion with the same speed.

KEY WORDS : Random walk in random environment, Large deviations.

AMS (2000) Classification : 60K37, 60F10, 60J60.

1 Introduction

1.1 Presentation of the model

We consider a collection (w;);ez of independent and identically distributed random va-
riables taking values in (0, 1). A realization of these variables is called an environment. Given
an environment w := (w;);ez, we consider the random walk (S,,),en defined by Sy = 0 and

Pw(Sn+1:k|Sn:Z): 1—(,()1 lf]{?:Z—]_,
0 otherwise.
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The process (S, )nen is called a random walk in random environment, abbreviated RWRE.
This model has many applications in physics, see for example Hughes [5]. Let n denote the
law of (w;)icz. We call P, the quenched law, whereas P(.) := [ P,(.)n(dw) is the annealed
law. For technical reasons, we assume that there exists an €9 > 0 such that

7’](80 S wWo S 1-— 60) =1. (11)

Fori € Z, let p; = % Solomon [11] proved that the RWRE (S,,)nen is n-a.s. recurrent if
and only if

/ (log po)(dw) = 0. (1.2)

In order to avoid the degenerate case of simple random walk, we assume in the following
that
Var(log py) := o > 0. (1.3)

Sinai [10] showed that in the recurrent case, the random environment considerably slows
down the walk. More precisely, he proved that if (1.2) and (1.3) are satisfied, there exists a
nondegenerate non—Gaussian random variable b, such that

2 Sn L

— b, 1.4
(logn)? n—+oo (14)

o

where £ denotes convergence in law under P.

It is moreover known (Solomon [11]) that the RWRE (S, ),en satisfies a law of large
numbers : there exists v €] — 1,1[ such that lim, .. S,/n = v P-a.s. In addition, v is
deterministic, and is strictly positive if and only if [ pon(dw) < 1.

The RWRE (S,,)nen satisfies furthermore a quenched large deviation principle with de-
terministic convex rate function I7 (see Greven and den Hollander [3]). This means there
exists a nonnegative convex function I such that n-a.s. for any measurable set A,

1 Sn
. On S q
llgrigf " log P, ( € A) > a:lenjo IH(z),
: 1 Sn .

limsup—log P, | — € A| < —inf [I(z),

n—oo T n €A

where A° denotes the interior of A and A is the closure of A. For more details on the shape
of the rate function, see Comets et al. [2|, who also proved a large deviation principle for

(Sn)nen under the annealed law P.
For more details on RWRE, we refer to Zeitouni [13].

1.2 Results

In this paper, we are interested in some questions raised by Greven and den Hollander
about quenched large deviations for RWRE. First, we answer their Open problem 2 (see [3],
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p. 1389 see also den Hollander [4] p. 80). A central limit theorem is generally related to the
behaviour of I”(0), where I is the rate function considered. Since (S, ),en has a subdiffusive
behaviour (see (1.4)), Greven and den Hollander conjecture that /7 has an infinite curvature
at 0. We prove that

Theorem 1.1 Under (1.1), (1.2) and (1.3), the rate function I}l for quenched large devia-
tions of the RWRE satisfies
: (g —
gli%l([”) (0) = +o0. (1.5)

We mention that the corresponding problem for Brox-type diffusions (see Brox [1]), for
which the rate functions can be explicitly computed, has already been solved by Taleb (see
[12]).

In order to prove Theorem 1.1, it is useful to study the hitting times of (S, )nen. Let us
define, for a € Z,

7, = inf{n >0, S, = a}.

We show the following estimate :

Proposition 1.2 For each o € R,

1 a+o(1)
E(rfe™™) = (—) : r— 0%,
r

We are also interested in Open problem 3 of Greven and den Hollander ([3], p. 1389) :
they conjectured that in the case [ pon(dw) <1 (i.e., v > 0), the quenched rate function I
of the RWRE is smaller than the rate function of the simple random walk on Z with the
same speed v. That is, they conjectured that Vo > v, [/(x) < I, (x), where I, is the rate
function of a usual nearest neighbour random walk with speed v.

Unfortunately, we have not been able to answer this question, but we solve the corres-
ponding problem for Brox-type diffusion (see Brox, [1]). For k > 0, we define the random

potential
K

We(z) :=W(z) — PRl

where (W (z),z € R) is a standard two-sided Brownian motion. We consider a diffusion X in
the random potential W,,, which is defined as the solution to the formal stochastic differential
equation
{ AX(t) = (1) — LW/ (X (8))dt,
X(0) =0,

where (5(t),t > 0) is a Brownian motion independent of W. More precisely, X is a diffusion
process whose conditional generator given Wy is

1 Wi (z) 0 —We(z) 0
2¢ oz \© oxr )’
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This diffusion can be considered as the continuous time analogue of RWRE and share many
properties with it. See for example Shi [9] for the relations between these two processes.
For instance, Kawazu and Tanaka [6] established a law of large numbers for X. That is,
lim; o X/t = vy, where v, = (”741)+ is > 0 if and only if £ > 1. Moreover, Taleb [12]| proved
that X satisfies quenched and annealed large deviation principles. Let J, denote the rate
function of quenched large deviations of X, which is deterministic. See (5.1) below for more

details on J,.. We compare J, with the function

1
T2 (@) = o= ),
which is the rate function of large deviations of the drifted Brownian motion (B, + v.t, t €
R, ). We prove

Theorem 1.3 If k > 1, then

Vo > v, Jo(z) < JZ ().

This means that for k > 1, large deviations for speeds greater than v, are less costly for
a diffusion in the random environment W, than in the corresponding averaged environment.

Interestingly, we obtain as a by-product an inequality for the modified Bessel functions
which might be new :

Proposition 1.4 Let K, be the modified Bessel function of index v. We have,

K, 1
Yv >0, Yy >0, K&<—<\/y2+y2—y>.
Y

v+1 (y>

The rest of the paper is organized as follows : in Section 2 we build environments F,, for
which the hitting time of —1 by (S, )nen, denoted by 7_1, will be large. We give an estimation
of 71 for w € F, in Section 3. In Section 4, we prove Theorem 1.1 and Proposition 1.2.
Finally, Section 5 is devoted to the proofs of Theorem 1.3 and Proposition 1.4.

2 Construction of the event E,

In this section we build a set of environments F,,, such that n(FE,) is not “too small” and
that for w € FE,, 7_1 is almost n (we prove this last assertion in Section 3).

Throughout Sections 2 and 3, we fix an € > 0. The constants C;, 0 < ¢ < 10, depend
only on 7 and €, whereas 6 and ¢ depend only on 7. The events E,, Ej,, and £}, depend on
1 and €, but we omit to write €.

We give some notation in Subsection 2.1. Subsection 2.2 is devoted to the construction
of E,. We give an estimation of n(£,,) in Subsection 2.3, and study some of the properties
of w € E,, in Subsection 2.4.
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2.1 Some notation

We define the potential V' as follows :

Definition 2.1 Let

n

V(n) ::Zlogpi:ZIOg d : n € Z,
i=1 i=1

%

where by convention, Z?:1 z; =0 and Y &, = —Tg— T — -+ — Tny1 if n is (strictly)
negative.

We define a valley for the potential (see Sinai, [10]) :
Definition 2.2 Let a <m < b. (a,m,b) is a valley if

Va <i<m, Vim)<V(@) <V
vm < i <b, V(m) < V(i) <V(b).

Its depth is defined as min{V (a) — V(m),V(b) — V(m)}.

2.2 Building E,

In this subsection, we build a valley (0,m,,b,) for the potential V', so that the RWRE
will stay for a “good” amount of time in this valley with “large probability”.
As [(log po)n(dw) =0 and o > 0, there exists a real number § > 0 such that

n(—20 <logpy < —9) :=exp(—0) > 0.

Now we set

g = &), cin = |elogn],
Con = |logn|? C3n = OCLn,
can = (1—10")logn, [ = %,
Con 1= %/ logn, cn = 2logn.

For i € Z, define V(i) = V(i + c1.n) — V(c1) and V(i)=V(i+ Con) — V(can). We consider

Bi, = (0<i<ec, — —20i< V()< —di},

E2,n = {‘7(62,11) € [_564,117 _C4,n]}7

Egyn = {VO <1< Con,s ‘7(2) — CL‘A//Y(CQW) < C57n} R
2,n

Ein = {V(can) € [con, 260]},

Bs, = {vo <i<com, V(i) — —V(cam)| < c57n} .
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Finally, let
E’I’L = E]_’n m EQ,TL m E37’I’L m E47n m ES,n'

When w € E,, we say the environment is “good”. On E ,, the potential V(i) decreases
almost linearly for i € [0, ¢1,,] (this will enable the walk (.S,,)nen to go quickly to ¢, before
hitting —1 with large probability). On Es,, N E5,, V stays within a tunnel of height 2¢5 ,,,
and sinks to V(c1,) — cap. On Ey,, N Ej,, V ostays within another tunnel of height 2c¢s .,
and moves up to positive values. These comments on FE, are represented in the Figure 2.1
(b, and m,, are defined in Subsection 2.4).

V(Cl,n + CQ,n) + 266,n' ”””””””””””””””””””””””””””””””””

V(Cl,n + CQ,n) + C6,n

_—

7 T
Ci,n + 202,71 ¢

1/Cs,m

_203,71'

V(Cl,n) - C4,n-

V(Cl,n) - 604,n' ”””””””””””””””””””

F1G. 2.1 — Example of the potential V' for a “good” environment w € E,,

2.3 Probability of E,

Lemma 2.3 There exists a constant Cy > 0 which depends only on n and €, such that for

n large enough,
n(E,) > Con%.

Proof : First, observe that

n(Ern) = nVl<i<e,, —20<logp <—9)
> exp(—fezlogn) > n~%. (2.1)

According to the Komlos-Major-Tusnady strong approximation theorem (see |7]), possi-
bly in an enlarged probability space, there exists a coupling for w and a standard Brownian
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motion W, and (strictly) positive constants C, Cy and Cj such that for all N > 1,

~ . Co
V(i) —oW(i)| > CilogN | < .
(s 76~ oW (i) = Culog ) < 12
Define
Ej, = { sup V(i) — oW ()| = Cy 1og[3<1ogn>2]} .
1<i<3(log n)?
We have,
C
Ei )< —— ",
") = Glognyes
We then consider the following events :
e e
Egn = {UW(CQ’n> € [—604,11 + 1 logn, —c4pn — 1 log n] } ,

oW (t) — LUW(CZTZ)

Con

E;, = {VO <t < cop,

< | }
> Cp — —logn .
’ 4

We notice by scaling that there exists Cy > 0 such that n[E;, N £3,] > 2C, for n large
enough. Since log[3(logn)?] = o(logn), we have for large n,

n(EQJL N E3,7L) > n[Eé,n N Eé,n N (Eé,n>c]

Cy
> E, "By )— ——
- 77( 2,n 3,n) [3(10g TZ)2]03
> Oy (2.2)
Similarly, there exists a constant C5 > 0 such that
77(E4,n N E5,n) Z C5 (23)

for n large enough. Since E, ,,, Es, N E3,, and Ey, N E;5, are independent, we obtain Lemma
2.3 by combining (2.1), (2.2) and (2.3). O

2.4 Properties of a “good” environment
Let w € E,,. We define the integers b, and m,, such that
b, = inf{keN, k>0, V(k)>0},
m, := inf{k >0, V(k)= ogi?gfbn V(0)}.
Note that (0,m,, b,) is a valley (in the sense of Definition 2.2) with depth —V'(m,,), and that

V(m,) € [—2c3n — BCan — Csny —C3n — Canls

C5,n02,n C5,nc2,n
) Cl,n + CZ,n +
Con Cé,n

m, € cl,n + c?,n -
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In particular, we have for ¢’ small enough and n large enough,

—0+ (1 —=9¢)logn < —V(m,) < (1—6¢)logn,
(1—¢)(logn)* < My, < (1+¢)(logn)?.

3 Probability that 7| has a “good” length

This section is devoted to the proof of the following result :

Lemma 3.1 There exists a constant Cg > 0, depending only on n and €, such that for all
large n,

Yw € E,, P, <n1—105' <71.:< n) > Cs.

In Subsection 3.1, we show that when w € FE,, with a large quenched probability, the
RWRE goes quickly to the bottom m,, of the valley (0, m,,b,) without hitting —1. In Sub-
section 3.2, we prove that with a large quenched probability, after hitting m,,, the RWRE
stays in N during almost n units of time and then hits —1 for the first time.

3.1 Going to the bottom mj, of the valley

Lemma 3.2 There exists a constant C; > 0, depending only on n and e, such that

Yw € E,, Pw(Tmn < 7'_1) > (.

Proof : Let w € E,. Since E,,, C E,,

C1 n_l +o0
’ . . 1
> exp(V(i) < exp(—di) < — (3.1)
=0 i=0
Furthermore,
/
vcl,n S i S M, V(Z) S _501,71 + Cs.n S _% IOgTL + 0.
Then, for all large n,
mp—1
0< Z exp(V (1)) < 2c5,m /%€’ < 1. (3.2)
i:Cl,n+1

Accordingly (see Zeitouni [13]| p. 196),

V(-1 =
Pult, <71) = eeeVZD)_ o En s
e rexp(V(k) - =2t —=+1

€0

O
We denote by P? and E? the probability and expectation of (S,),en, starting at site z
and conditioned on the environment w. We have (see Zeitouni, [13|, p. 250)
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Fact 3.3 Ifa<x <b,

(3.3)

We can now give an upper bound for the hitting time of m,, if the RWRE hits m,, before
—1:

Lemma 3.4 There exists a constant Cg > 0 such that

Vw € E,, P, (T, < 7-1 and 7, < n45/) > (.

Proof : According to Fact 3.3 and (2.4), we obtain for w € E,,

mnp—1 k

exp[V (k) — V(0)]
E (T4 ANTp,,) < Z Z o
k=0 (=—1
1
< g—(mn +1)? exp(csn + 2¢5,)
0
1 / !
< —[(1+¢&)(logn)* +1*n* < n’.

€0

Now, by Chebyshev’s inequality,

!

P14 AT, > 1) <n ¥ E (r1 ATp,) <n7F.

As a consequence, recalling Lemma 3.2,

P, (Tm, <71 and 7, < n4€/) = P,(1m, <T-1)— Pw(n‘lsl < Ty, < T-1)
Z 07—71_6/ 207/2 = Cg

for n large enough. O

3.2 Leaving the valley

First, we give a majoration of the exit time from the valley (0, m,,,b,).

Lemma 3.5 There exists a constant Cy > 0, depending only on n and ¢, such that

Yw € En, PL”"(T_l < n1—55’) > Cg.
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Proof : Let w € E,,. The probability to leave the valley (0,m,,b,) on the left is

1
S exp(V(k))
)

o exp(V (k)
1

(1+ = ) e 1

Pt <m,) =

+1

v

= 20, (3.4)

due to (3.1) and (3.2), and since exp(V (b,)) > 1.
Moreover, Fact 3.3 gives (by symmetry), recalling (2.4),

) < e -ve-)

k=0 =k
1 1-—

< (b1 exp[V(0) ~ V(m,)]
€0 €0

< (3log®n)?exp|(1 — 6¢") logn]ey?

< plole)2

for n large enough. Then Chebyshev’s inequality yields
P (nl_‘r”fl < Ty, NT-1) < n=c/?
Consequently, for all environments w € E,,, recalling (3.4),

Pm(r1 < n1_55/) > P (14 <m, and 71 < n1_55/)
> 20y —n"? > Cy

for n large enough. O
Now we give a lower bound for 7_;.

Lemma 3.6 We have,

. _ /
inf P (7 >n'71%) — 1.
wekn, n—o0

Proof : Let w € E,. To establish Lemma 3.6, we use another argument of Sinai’s proof.
When the RWRE is located at m,, — 1, the probability that it hits —1 before going to m,, is

exp(V(m, — 1))
w2l exp(V (k)
exp(V(m, — 1))

1—¢g e’
€0 n1795”

Pf”‘l(T_l < Tm,)

IN

IN
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due to (2.4). Similarly, we have

1—=¢ ed C
Pw (Tbn < Tmn) — ( £o n1—95’ T n1—9€’ :

As the RWRE is recurrent, we can consider the [n'~'%| first excursions away from m,,
which are independent under P,,. More precisely, let us define recursively

7—7511’2 - Tmn7
7'7(,1’?1) = inf{l > g, = mn}, k>1,

and consider the set

Er, = {Vl <k< Lnlfloelj, TT(,fz <T_1 A Tbn}.

We obtain

P (E7,) < [T P (1 ATy, < T, ) < CronE

Now, on E7,, the RWRE (S;);>,, stays in [0,b,] during the first [n!~'%'| excursions away

from m,,, hence 7_; > n'~1%". Therefore,
Ywe E,,  P™(r_; >n1%) > Pre(E ) > 1 — CionF
O
Combining Lemmas 3.5 and 3.6, we get
My () 1—10¢’ 1-5¢’ Cy
Yw e By, P (n <11<m )27
for n large enough. Recalling Lemma 3.4, this ends the proof of Lemma 3.1. U

4 Proofs of Theorem 1.1 and Proposition 1.2

In this section, we use the results of the previous sections to prove Theorem 1.1 and
Proposition 1.2.

4.1 Proof of Proposition 1.2

Let o € R% and
M, = sup (z% ") € (0, +00).
zeR
Then,
Vr >0, E[r% exp(—r7_1)] < M,r™*. (4.1)
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Now we give a lower bound for E, 7% exp(—r7_1)]. For any 0 < a < 1 and any w,
E, [ exp(—7_1/n)] > e 'n*P,(n* < 17—, < n).
Thus, by Lemma 3.1, for any € > 0, taking a = 1 — 10’ = 1 — 104¢,
Yw € E,, E,[1% exp(—7_1/n)] > Cgetno(1-10%)
Integrating this inequality on E,,, and in view of Lemma 2.3, we get, for all large n,
E[r% exp(—71_1/n)] > CsCe ' n(1—100e)=0=

Since £ > 0 can be arbitrary small, this, together with (4.1), yields

1 a+o(1)
E(r%e 1) = <—> , r— 0",
T
By symmetry, we can replace 71 by 7_1, which gives Proposition 1.2. [

4.2 Proof of Theorem 1.1

It is known (see den Hollander [4], p. 80), that (1.5) is equivalent to
[log AJ"(r)

M og NP~ (4.2)
where
log A\(r) = E[log E,,(e"™)]. (4.3)
Note that

[log AJ"(r)
{llog AJ"(r)}?

B, (2e™1)
E( Ew(le'”'l) )
=g(r).

3=
E,(11e"1)
= (5]
Moreover, due to assumption (1.1), we have, for all —1 < r < 0 and for all environments w,

goet < wpe” < By (exp(rm)) < 1.

f(r)

As a consequence, for —1 < r <0,
e E[rZ exp(r7)] ()
€0 {E[r exp(rﬁ)]}3

Furthermore, f(r) > 0 (by the Cauchy—Schwarz inequality). Now, according to Proposition
1.2,

g(r) <

A(r) = [r0 — 0

)
r—0~

which proves (4.2) and thus Theorem 1.1. O
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5 Comparison between rate functions

In this section we consider the diffusion X in the random potential W, and assume x > 1.
In this case, v, = (k — 1)/4. We know (see Taleb [78]) that the rate function J, of quenched
large deviations for X can be written as J,(z) = 2l.(1/z) for x > 0, where

I.(u) = sup(T'x (X)) — Au), (5.1)

A>0

and I',; can be expressed in terms of modified Bessel functions (see (5.2) below).

Let
va,g()\) =V 2\ + U,.iz — V-

We first show that 'y (A) < ¢, (\) for large X\. Then we use a differential equation satisfied by
I',; to prove that this inequality is true on R . Finally, we prove Theorem 1.3 and Proposition
1.4.

5.1 Study in the neighbourhood of 400

According to Taleb (we mention that in Taleb [12], p. 1178, the expression F, (\) should be
2(20)"2 K. [4v/2)], see for instance Magnus et al., [8] p. 85 ; this misprint has no consequence
on the results of [12]), we have

VA>0, T\ = \/ﬁw (5.2)

K.(4V2N)

Using the “series of the Hankel type” (see Magnus et al. [8], p. 139), we obtain

Ie(A) = V2h — i (H - %) 10 (\%) A — +oc. (5.3)

This yields

1
Li(A) — ¢p.(N) — —=.
(V) = 0n () — —3
Consequently, there exists B > 0, such that
VA > B, Te(A) < 0y, (V). (5.4)

5.2 Using a differential equation

According to Taleb [12], T is a solution of the differential equation zy’ — 2y* — ky = —4x
on (0, +00). It is natural to introduce

e 02 /2 g
Az) = b, (x) — 20 (2) — koo, () + da = ”\H/;”T vaxﬂ . (5.5)
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In particular, A(x) < 0 for all x > 0.
Let us consider the set

E:={x>0, T.z)> ¢, (v)}

We prove that E = (). Indeed, let us assume that £ # (). According to (5.4), EN[B, +o00) = (.
Consequently, E would have a supremum z, € (0, B]. By continuity, I',. (o) = ¢y, (20). Now,
(5.5) would yield

&, (10) = IiO[Aw 126 (20) + Kby, (o) — 4o
= %O[A(xo) + QFi(xo) + KT (z0) — 4o

Consequently, there would exist an ¢ > 0 such that
Vo € [-CEO,-TO + 5]7 ¢Um(x) < F:‘i(‘r)

Therefore, [xg,zo + €] C E, which contradicts zg = sup E. Hence E = (), which means that

YA>0, Do) < o (V). (5.6)

5.3 Proofs of Theorem 1.3 and Proposition 1.4

It is easily seen that

1 2
YA >0, inf {)\u+g(——vﬁ) }:«/2)\—|—vk2_v,€:¢v,€()\).
u

O<u<i

Thus (5.6) yields

1 1 2
VO < u < —, YA >0, FH()\)—/\u<g<——vn> . (5.7)

u

K

Notice that (5.7) remains true for A\ = 0 since I',(0) = 0. Now, fix u € (0,1/v,). Recalling
(5.3), it follows that

[e(A) —Au — —o0.
A—~+00

As the function A — [I';(A) — Au] is continuous on R, it has a maximum on, say, A, € R,.
Hence, by (5.7),

sup(Te(A) — M) = To(Ay) — Ayt < = (1 - vn>2 )

A>0 2 \u
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which can be written as, recalling (5.1) :

Uk

1 U 2
— 1 - - = .
VO <u< —, F”(u)<2(u v,i)
This is equivalent to
1 B 1 2
Vo > vy, Jo(x)=al, | =) < J, (z) = é(x — V)7,

proving Theorem 1.3.

We notice that (5.6) can be written in terms of modified Bessel functions, using (5.2),
which gives Proposition 1.4.

5.4 Remarks

Recall that the rate function of large deviations of the standard Brownian motion is
x — x?/2. By the same arguments as in the case x > 1, we obtain for the transient case
with zero speed (0 < k < 1),

Proposition 5.1 (zero speed case),
If k€ (0,1/2), thenVx >0, J.(x) > 2?/2;
If k =1/2, thenVx >0, J.(x) =2%/2;
If k€ (1/2,1], thenVx >0, J.(z) < z?/2.

(The case k = 1/2 was obtained by Taleb, [12]).
We also notice that Proposition 1.4 together with the formula K, 1(z) — K,41(2) =
—Q—Z”K,,(z) also give a lower bound for K,/K,; :

Vv > 0,Vy > 0, >— —2(r+1)

Ky 1 y?
Ky1(y) P+ +1)2—(v+1)
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Chapter 3

The speed of a branching system of
random walks in random environment

We study a branching system of random walks in random environment. Particles reproduce
with a fixed reproduction law, and move as one-dimensional random walks in a common
random environment.

We assume that the branching mechanism is supercritical with mean m > 1, and that
the law of the random environment drives a random walk to —oo.

We study the location m} of the rightmost particle. Our main result shows that (con-
ditionally on the survival of the branching process), liminf, ... m*/n > 0 if m is greater
than a certain critical value m., and limsup,,_, ., m)/n < 0 if m is less than the critical
value m..

KeEy WORDS: Random walk in random environment, branching random walk, Galton—
Watson tree.

AMS (2000) Classification: 60J80, 60K37.

1 Introduction

Let (w;)iez be a collection of independent and identically distributed random variables, taking

values in (0,1). For any realization of the environment w := (w;);ez, we define a random
walk (X, )nen:={0,1,2,..} Which is a Markov chain with X, = 0 such that for n > 0 and i € Z,
Pw(Xn—i—l :Z+1|Xn22) = W, (1]_)

We call P, the quenched law. If n denotes the law of the environment (w;);cz, we also let
P() = [ Paln(d)

47



48 3. The speed of a branching system of random walks in random environment

and call the resulting law the annealed law. This model is known as “random walk in random
environment”, abbreviated as RWRE. It exhibits some unusual properties, in both annealed
and quenched cases (see for example Zeitouni [16]).

For technical reasons, we furthermore assume that there exists 4 > 0 such that wy €
(0,1 —0) n-a.s.

Let p; := 1;;‘”, i € Z. Solomon [15] proved that the RWRE is n—a.s. recurrent if and only
if [log po(w)n(dw) = 0. In the transient case, lim, .., X,, = +o00 n-a.s. if [log po(w)n(dw) <
0, and lim, . X,, = —oc0 n-a.s. if [log po(w)n(dw) > 0.

Without loss of generality, we assume that [ log po(w)n(dw) > 0 (otherwise, we only have
to replace (w;)icz by (1 — w;)iez)-

We are interested in a model of branching system of random walks in random environment,
where the particles reproduce with a fixed reproduction law, but move as random walks in
random environment. This is the analogue in random environment of the model of branching
random walks; the latter being well studied in the literature, see for example Révész [14].
We mention that our model is very much different from the so-called “branching random
walk in random environment” (see for example Greven and den Hollander [8]), where the
reproduction law of the particles depends on their locations while the transition probabilities
are the same everywhere.

Here is a description of our model. For each given environment, the particle system be-
haves like this:
— At time n = 0 there is only one particle, located at 0.
— At time n = 1 the particle moves to 1 with probability wy, or to —1 with probability 1—wy.
Arriving at the new location, it gives birth to an amount of k offspring with probability py,
and dies.
— At time n = 2 each particle moves independently (to a neighbouring site), according to
the probabilities in (1.1) and (1.2). Then it produces new offspring independently, with the
same reproduction law as before, and dies.
— Iterating this procedure we obtain a branching system of random walks in random envi-
ronment.

We notice that the branching process, denoted by I', is a Galton—Watson process. We
assume that it is supercritical, i.e., the expected amount of offspring of each particle, denoted
by m, lies in (1, 4+00). We also assume that the amount of offspring has a finite variance .
We focus on this model throughout the paper. A similar model has already been studied by
Comets et al. [5] on the half line N. See also Comets et al. [6] for multidimensional random
walks in random environment.

Our model can be expressed in terms of a tree indexed process. See Section 5 for more
details. See also Peres [13], chap. 18 for an account on tree indexed processes.

In the case [logpo(w)n(dw) > 0, there is for our model a competition between the
environment, pushing the particles to —oo, and the branching process, which creates new
particles and then increases the possibility that some particles go very far on the right. It is
therefore natural to study the asymptotic behaviour of the rightmost particle.
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Let winge := max{z, x € Supp wp} and

{ 1 if% € Supp wy,

‘ (1.3)
Hwmaz (1 — Winae)] 7Y% if Supp wy C [4, 1).

Mme :=

Moreover, notice that m, = exp([;(0)), and that m, depends only on the law of the envi-
ronment.

The main result of this paper is the existence of a non-zero speed for the rightmost
particle if m # m,.. More precisely, P-almost surely when the system of particles survives,

(i) if m < my, then the rightmost particle goes to —oo with a negative speed;

(ii) if m > m,, then the rightmost particle goes to 400 with a positive speed.

In the model of Comets et al. [5], the reproduction law also depends on the location, and
each particle has almost surely at least one offspring. Hence the branching system always
survives. Their result shows that m,. is a critical value for our model in this case. If m > m,,
there is infinitely often at least one particle with positive location, and if m < m,., there is
no particle in N at time n for n large enough.

By proving Theorem 1.1 below, we show again as a by-product that m,. is a critical value
in our setting. Notice that our proof hinges upon a different method, using in particular
large deviations for random walks in random environment. In our model, the reproduction
law is fixed and does not depend on the location. However, we allow the particles to have
no offspring.

Let m} denote the location of the rightmost particle at time n.

Theorem 1.1 Assume [ log po(w)n(dw) >0, and let T be the Galton—Watson process gov-
erning the branching system.
(i) If 1 < m < m,, then

P (lim sup K | T survives) =1
n

n—oo

(i1) If m > m,, then

P (lim inf "'n > o | T survives) = 1.

n—oo M

In some cases, we have m, = 1, which means we are always in situation (ii). It is for
example the case when the RWRE is recurrent (i.e., if [log po(w)n(dw) = 0). See Section 5
for remarks on the case m = m..

The article is organized as follows. In Section 2, we give the precise mathematical formu-
lation of the model and present some preliminary results. The proof of the theorem in the
case m < m, is provided in Section 3. Section 4, which is the heart of this paper, consists of
the proof for the case m > m.. Finally, Section 5 is devoted to some additional comments.
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2 Preliminaries

This section is divided into two parts. The first one consists of a formal definition of the
model, whereas the second one deals with large deviations for RWRE.

2.1 Precise formulation of the model

We now give a more formal definition of the model and precise some notation.

Recall that the random variables w; are assumed to be independent and identically dis-
tributed, with joint distribution 7.

Following Révész [14] (who studied the case of usual branching random walks), we intro-
duce the process (A(x,n))zeznen, Where for every x € Z and n € N, A\(x, n) denotes the num-
ber of particles located at z at time n. With this notation, m = max{z € Z, A(z,n) > 0}.
Let (Z(z,n,u), x € Z, n € N, u € N) be independent random variables, independent of w,
such that

V(z,n, k) € Zx N°, P(Z(x,n, 1) = k) = py.

It helps to bear in mind that Z(x,n, ) stands for the number of children of the u-th particle
born at location x at time n.

Let (X(z,n,u), v € Z, n € N, u € N) be independent random variables having the
common uniform law on [0, 1], which are independent of (w;);cz and (Z(x,n,u), © € Z, n €
N, u € N). Conditionally on the environment, the movement of the p-th particle born at
location x at time n depends only on X (z,n, u).

The process (A(x,n))zeznen, satisfies the following relations: A(0,0) = 1, A(z,0) = 0 if
x # 0, and if n > 0 and x € Z,

Az—1,n—1)
)\(ZE, n) = Z 1{X(x71,n71,u)§w$_1}z(l‘ - 17 n— 1a M)
pn=1
AMz+1,n—1)
+ Z 1{X(x+1,n—1,,u)>wz+1}Z(:C =+ 17 n— 17 :u)
p=1

The branching process consituted of the particles in the system is denoted by I', as in
the Introduction.

We denote by P, the law of the particle system conditionally on the environment, and
as for RWRE we define

P(.) := /Pw(.)n(dw).

Moreover, E, and E denote the expectations with respect to P, and P respectively. We also
let P* and E* (respectively P? and E*) denote the probability and expectation of the system
(respectively conditionally on the environment) when the root is located at z instead of 0.
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We need some more notation. For every (x,y) € Z*, A C Z and (n,p) € N, let

po(x ~y,n) = P,(Xpn =y|X, =),
Po(x ~ An) = Py(Xpin € AlX, =1).
Moreover, for any environment w and any branching system of RWRE, we write

Fo(N):=0(Mz,n), z€Z, 0<n<N), N e N.

For any x € Z and any integers 0 < n < N, we define

fulz,N,n) = mN_”Z)\(y,n)pw(y ~x, N —n).

YEL

We can now prove a couple of lemmas, which are simple adaptations from results of Révész
[14]:

Lemma 2.1 We have, for N € N,

VO0<n<N, Vz€Z, E,(A\(z,N)|F,(n)) = fo(z,N,n) P-a.s. (2.1)

Proof: In the case N = n, for each x € Z,
E,(Max, N)|Fu(n)) = Az, N)
= D My, N)pu(y ~ 2,0)

YEZL

= fo(x,N,N).

Thus (2.1) is true when N = n and in particular when N =n = 0.

We deal with the general case by induction. Suppose that for a certain N € N, formula
(2.1) is true for all 0 < n < N and = € Z. Therefore, if n < N + 1 (the case n = N + 1 has
already been treated), we have P-a.s.,

E,(A(z, N +1)|F,(n))

A(z—1,N)
= B, | Y Lxe-ivp<e 2@ —1,N,p)
p=1
AMz+1,N)
+ Z 1{X(m+1,N,u)>wz+1}Z<x + 1, N, p)| Fo(n)
p=1

= mw, 1E,(A(x —1,N)|F,(n))
+m(1 — we1) E,(AN(x + 1, N)|F,(n)). (2.2)
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Then, by induction, P-a.s.,

(2.2) = mwy_1folx—1,N,n)+m(l —wei1)fulx+1,N,n)

= mmM" Z [we—1pu(y ~> 2z —1,N —n)
YEL

+(1 - wa?—l—l)pw(y ~ T A 17 N — n)] )\(y7n)
= w1 My, n)pu(y v 2, N +1—n)
YEZ
= folx,N+1,n).
This yields the desired conclusion. 0]

As a consequence, we obtain

Lemma 2.2 We have, for N € N and x € Z,

E,(\(z,N)) =m"p (0~ z,N) P-a.s.

Proof: For N € N and z € Z,
E,(AMz,N)) = E,(A(z,N)|F,(0)) P-a.s.
Then, using Lemma 2.1, we obtain

Ew(A(va)l}—w(O)) - fw(x7N70)
= m™ Y Ay, 0)pu(y ~ z, N)

yeZ
= mMp, (0~ z,N) P-a.s.,

since at time 0 there is only one particle, which is at location 0. U

2.2 Large deviations

It is known (Solomon [15]) that the RWRE (X, ),en satisfies a law of large numbers: there ex-
ists v € [—1, 1] such that lim,_.« X,,/n = v P-a.s. Under our assumption [ log po(w)n(dw) >
0, we have v € [—1,0].

The RWRE (X,,)nen satisfies moreover a quenched large deviation principle with deter-
ministic, convex and continuous rate function I7 (see Greven and den Hollander, [9]). This
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means there exists a nonnegative convex function /7 such that n-a.s. for any measurable set
A

Y

1 X
. . - _n > o q )
111£I_1)golf " log P, ( € A) > xlenjo Il(x), (2.3)
' 1 X, :
limsup—log P, | — € A| < —inf [}(x), (2.4)
n—oo 1 n z€A

where A° denotes the interior of A and A is the closure of A. In case [ log po(w)n(dw) > 0,
Comets et al. [4] (Cases E and F' in their Proposition 2) gave the shape of the rate function .
Let wpin == inf{z, x € Supp wo}. If wpin < % < Wiaz, then I1(0) = 0. If Wyee < %, then
v < 0and [1(v) =0, and I} is strictly increasing on [v, 1].

In the recurrent case [ log po(w)n(dw) = 0, we simply have v = 0 and 1Z(0) = 0 ([4], Case
A of Proposition 2).

The above was proved in [4] under the additional assumption that 7 is non degenerate
(i.e., it is not concentrated on a single point). However, it holds trivially if 7 is degenerate,
which leads to the case of usual random walk.

3 Proof of Theorem 1.1; case m < m,

In this section, we study the case 1 < m < m, = exp({(0)). This implies that [7(0) > 0,
thus 7 is strictly increasing on (v, 1] with v < 0. As a consequence, since I#'is a continuous
function, there exist a > 0 and € > 0 such that

logm < [I(—a) —¢.
According to (2.4), we obtain for the RWRE (X,,)nen, P-a.s. for n large enough,
Pu(X, > —an) < exp [— (I{(—a) —) n] .
As a consequence, recalling Lemma 2.2, we have P-a.s. for all large n,

Po{A(=an, +o0),n) 21} < E, ( > A(x,n))

r=—an

m"P, (X, > —an)
< exp{[logm — [}(-a) +¢]n }.
Since logm — Ij(—a) + € < 0, we obtain
ZPW{)\((—om, +00),n) > 1} < o0 P-a.s.
n>0

By the Borel-Cantelli lemma, P,—a.s. for n large enough, there is no particle in (—an, +00).
That is, P-a.s., m: < —an for n large enough (with sup() = —oo by convention), which
leads to first part of Theorem 1.1. O
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4 Proof of Theorem 1.1; case m > m.

We now consider the case m > m, := exp([{(0)), and we prove that the rightmost particle
in the system goes to +oo with a positive speed.

The proof is divided into three steps. (a) We first construct a supercritical Galton—
Watson tree T' whose vertices of the n-th generation are particles which are at a positive
location at time nk, (k, is an integer defined below). When T survives, which occurs
with a positive probability, there is an exponential number of particles in N at times nk,,,
n € N. (b) Some of the particles originated from 7" will go far enough. (c¢) Although 7T only
has a positive survival probability, there are always particles going very far, as long as the
branching process I' survives.

For the sake of clarity, the three parts are presented in distinct subsections.

4.1 Construction of T

The basic idea in the construction goes back to Hammersley [10], Kingman [11], and Biggins
[3]. See Peres (|13] Theorem 18.3) for example.
Recall that logm > logm, = I7(0), and fix € > 0 such that

logm > I1(0) + €.
According to (2.3), we have P-a.s.,
dn, € N*, Vn >n,, P,(X,>0)>exp[—([}0)+¢e)n].

Fix such an environment w, and consider our branching system of particles. By Lemma 2.2,
for k > ny,

m*P,(Xy > 0)

E, (Z A(x,k))

zeN
> m"exp[—(I1(0) + )k]
> exp|(logm — I}(0) — €)k].

Since logm > I{(0) + &, we can fix an even integer k, > 0 such that

E. (Z A(x,kw)) = A, > 2. (4.1)

zeN

We will be working from now with these fixed constants k, and A,.
We now build recursively a sequence of random variables (Y}, ),en such that at each time
nk,, n € N, there are at least Y,, particles located in N:



4. Proof of Theorem 1.1; case m > m, 55

e At time 0, there is only one particle, which is located at 0. We set Y, = 1.
e Let Y7 be the number of particles located in N at time k,,, that is, Y1 = A(N, k).

e Suppose that at time nk, there are at least Y, particles in N. Let x1, zo,..., xy, be
the locations of Y,, such particles. We only consider these Y,, particles and ignore all
the other particles which are possibly surviving at time nk,. By a natural coupling
argument, it is easily seen that the number of particles located in N at time (n + 1)k,
and generated by these Y,, particles, is greater than or equal to the number of particles
located in N at time (n + 1)k, and generated by Y,, particles all of which are located
at 0 (instead of (z;)) at time nk,. Thus, at time (n + 1)k, there are at least Y,

particles in N, where
Yn
Yn+1 = Z Xn,'i
i=1

and the variables (X, ;) have the same law as Y;, and are independent (given w).
Moreover, the variables (X, ;) are independent of F,(nk,).

We denote by T the resulting Galton—Watson tree, of which the cardinality of the n-th
generation is Y,,. According to (4.1), E, (Y1) = A, > 2. Thus T is supercritical; its extinction
probability is less than 1.

We are now ready to prove the main technical estimate in this subsection.

Lemma 4.1 We have, P-almost surely,

lim P, (ﬂ{n > 2f}> > 0.

>n

Proof: Consider the original particle system. The amount of offspring of each particle has a
finite variance. Therefore the total number of particles at time k,,, denoted by B(k,,), satisfies
E.(B(k,)?*) < oo. As a consequence, we have E,((Y7)?) < oco. Since E,(Y;) = A, > 2 (see
(4.1)), which is greater than 1, there exists a random variable W,,, satisfying B,(W,, > 0) > 0
P-a.s., and such that (see Athreya and Ney [1], p. 9),

Y, ~ (A,)"W, P-a.s.

n—oo

Since A, > 2, (A,)"W,, > 2" for n large enough if W, > 0. Accordingly,

lim P, (ﬂm > 2@) =P, (W,>0)>0 Pas.

>n

as desired. 0
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4.2 Particles going to infinity

This subsection is devoted to proving the following lemma.

Lemma 4.2 Let m; denote as before the location of the rightmost particle of the system at
time n. For almost all environment w, there exists a real number S, > 0 such that

*
mn

P, (hm inf

n—oo M

> Sw) > 0. (4.2)

Proof: We have, for n € N; A € N, and any even integer N, since k,, is also even,

P{\([A, +0),nk, + N) = 0|F,(nk,)}

A(2z,nky)
= II TI P*{\(A +o0),N) =0}
TEZL /=1
< T (B (A +00), N) = 0}) )

zeN

By coupling, we have for x > 0,
P {A([A, +00), N) = 0} < PI{A([A, +00), N) = 0}.
Thus,

Pw{)\([A, +OO>, nk, + N) — O‘Fw(nk’w)}
< TI (P2A(A, +o0), N) = 03) @)

zeN

< (PYA(A, +00), N) = 0})™". (4.3)
Let a € (0,1) and ¢’ > 0. According to (2.3), there exists M, € N such that
VN > M, Pu(0~ [aN, +00), N) > exp[—(I}(a) + ") N] P-a.s.

If gy denotes the probability that the Galton-Watson tree I' extincts before time N, we
notice that for N > M,,,

PSO‘([an_'_OO)?N):O) QN+(1_QN)pw(OW(_OO’aN)’N)
gy + (1 — gn){1 — exp[—([3(a) + )N}

1 — (1 — qn) exp[—(Li(a) + e')NJ. (4.4)

IAINA
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Let By (w,n) :={Y,, > 2"}, and notice that ¢y < ¢ € [0,1). As a consequence, on E;(w,n),
) a

using (4.3) and (4.4), we obtain for N > M,,,

log P,{\([aN, +00),nk, + N) = 0|F,(nk,)}
2"log{1 — (1 — qw) exp[—([}(a) + )N}
—97(1 — ) expl—(3(a) + ') V]

—(1 = goo) explnlog 2 — (I}(a) + ') N].

IA A IA

Let N, = 2[%] For all large n, we obtain on E;(w,n),

PoAN[aN,, +00), nky, + Ny) = O|F,,(nk,)} < exp (-(1 — o) Cexp (nlO§2)> :

where C' > 0 is a constant. Hence,

P,({\[aNy, +00),nk, + N,,) = 0} N Ey(w,n))

o (1 e (152)).

pr({)\([aNn, +00),nk, + N,,) =0} N Ey(w,n)) < +00.

neN

Consequently,

By Lemma 4.1, for almost all environment w there exists n,, € N such that P, (FEs(w,n,)) >
0, where Es(w,n) := Ng>pFi(w, ). By the Borel-Cantelli lemma, we obtain P,-a.s. on

Es(w,ny,), for n large enough,

M[aN,, +00), N,, + nk,) > 1.

Then P,—a.s. on Fy(w,n,), for all large n, there exists a particle p, in [alNV,, +00) at time
K, = N, + nk,. At any time ¢ € (K,,_1, K,] N Z, the ancestor of the particle p,, is located
in [aN, — (K, — K,_1),+00), which is contained in [S,¢,+00) for some constant S, > 0
(noticing that K,, — K,_; is bounded). Thus, for all large ¢, A([S,¢, +00),¢) > 1. This
means that P,—a.s. on Ey(w,n,) there are at any large time some particles with average
speed greater than S,. Since P, {FEs(w,n,)} > 0, this completes the proof of the lemma. [

4.3 End of the proof

For any S > 0, we define the event
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where m; = —oo if these is no particle left at time n. Let 6 denote the shift operator, given
by (Qw); = w;r1. The sequence { Py, (A(S))}icz is a stationary sequence. Moreover, by
a simple coupling argument, it is also a nondecreasing sequence. Thus it is constant, i.e.
P-a.s.,

Vi € Z, szzw(A(S)) = PM<A(S>>

By Lemma 4.2, for almost all environment w, there exists S, > 0 such that P,(A(S,)) >
0. We now fix such an w and set S :=S,,.
Let 1 < r < m. Let B(IN) denote the total number of particles at time N. For N € N,
let
Es(N) :={B(N) > r"}.

Since I' is a Galton-Watson tree such that 1 < m < oo and 02 < oo,

{T" survives} = li]\rfn inf E3(N).

We notice that on F3(2N), with the convention sup ) = —oo,

m* m* A(2z,2N)
P, <liminf n< S| fw(2N)) < 11 (sz <liminf n < s)>
n—oo n n—oo n

TE€EZ

= [1{1 - PeeufA(s)p @2

TEZ

< {1-RJAG)Y

2N

Consequently, as P, (A(S)) > 0,

Jim P, ({liminf Tn Sw} N E3(2N)) = 0.

n—oo N

Since {I" survives} = liminfx_ o E3(V), this yields Part (ii) of Theorem 1.1. O

5 Comments

We present some further remarks in this section.

5.1 Case m = m,

Consider the critical case m = m,. In this case, I7(0) > 0, v < 0, [/(v) = 0, and [} is
strictly increasing on [v, 1]. The method used in Section 4 and an indirect proof lead to the
following result:
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Proposition 5.1 If m = m,, then

P (lim sup Do <0/ T survives) =1, (5.1)
n—oo n
and
Vke N, E,(AN,2k)) <1 P-a.s. (5.2)

Thus there are very few particles (if any) in N in the critical case. Moreover, Gantert and
Miiller |7] prove (in a more general setting) that in this critical case, when there is always
at least one offspring particle, the system is “transient”, that is, m; — —oo.

Proof: To prove (5.1), we follow the ideas of Section 3. For every a@ > 0, there exists € > 0
such that
logm = I3(0) < I[}(a) — ¢

This yields

ZPw(/\((cm, +00),n) > 1) < 0.

n>0
As in Section 3, this gives (5.1).

Now, let £ € N and Ay, := {E,(A(N,k)) > 1}. Suppose that P,(Ax) > 0. For w € Ay

we can build the tree T as before, with k instead of k., This is a supercritical Galton—

Watson tree, since E,(A(N,k))) > 1. Then, E,([T],) > W,al for n large enough, with
P,(W, >0)>0and a, > 1. Let ¢ > 0. For ¢ > 0 and n large enough,

E,(A([eN,+o0[, N + nk)) E([T)n)Eu(A([eN, +o0[, N))
Wal, exp(=I1(e)N —€'N)

exp(—(Ii(e) + )N + (log a,)n)

(AVARVS

If ¢’ is small enough, for n = [MNJ, and 3 = (wk + 1), we have

log av log aw

E,(A([eN,+00[, BN)) ~N—ioo Euw (A ([EN, +00[, N + nk)) —N— 400 +00 (5.3)
But on the other hand, for N large enough and e, > 0 small enough,

E,(A([eN,+o0[,fN)) < mﬁNexp(—(Ig(e/ﬁ)—gg)ﬁN)

= exp((I9(0) — I9(2/B) + ) BN) —n 0 0.

This contradicts (5.3). Hence, P(Ag) = 0, for every k € N*, which gives (5.2). O
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5.2 Tree indexed process

Another point of view for the model studied in this paper is to view the system of particles
as a tree indexed process (Y, ),er. We define it by the following relations:

YOZO,

where o is the root of I'. Moreover, for all v € T', if the children of v are denoted by
V1, Ve, ... U,, we set for all x € Z,

PW(YUl:sz:"':YanCE‘I'HFaszx) = Wg,
P, Y, =Y,=--=Y, =z—1IY,=2) = 1—w,.

Furthermore, the locations of the offspring of two different vertices u and v of the same
generation of I' are independent conditionally on I', Y,, and Y,. In this case, the location of
the rightmost particle is m; = max{Y,, v € [I'],}, where [I'],, denote the set of the vertices
of I' of the n—th generation. One can formulate the proof of Theorem 1.1 in terms of (Y,,)yer.

5.3 Value of the speed

It would be interesting to know, as in the case of usual random walks, the values of the burst
speed, cloud speed and sustainable speed of the tree indexed process (Y, )yer (see Benjamini
and Peres [2|, Lyons and Pemantle [12]).

5.4 A similar model

Theorem 1.1 holds also for the following model: at time ¢ = 0 there is only one particle,
located at 0. At time n, each particle reproduces independently with the same law: it gives
birth to k offspring with probability p, and dies. Then each particle moves to a new location
according to the transition probabilities (w;);cz. See for example Biggins [3| in the case of
usual random walks.
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Chapter 4

Maximum of the local time of a diffusion
in a drifted Brownian potential

We study a one-dimensional diffusion process X in a drifted Brownian potential. We are
interested in the maximum of its local time, and study its almost sure asymptotic behaviour,
which is proved to be different from the behaviour of the maximum local time of the transient
random walk in random environment. We also characterize all the upper and lower classes
for X, in the sense of Paul Lévy.

KEY WORDS: Random environment, diffusion in a random potential, maximum local time,
Lévy class.

AMS (2000) Classification: 60K37, 60J60, 60J55, 60F15.

1 Introduction

1.1 Presentation of the model

We consider a diffusion process in random environment, defined as follows. For x € R, we
introduce the random potential

We(z) :=W(z) — -z, z € R, (1.1)

where (W(x), = € R) is a standard two-sided Brownian motion. We define a diffusion process
(X(t), t > 0) in the random potential W, as solution to the formal stochastic differential
equation

{ dX(t) = da(t) — s Wi (X (t))dt,
X(0) =0,

63



64 4. Maximum of the local time of a diffusion in a drifted Brownian potential

where (5(t), t > 0) is a Brownian motion independent of W. More rigorously, X is a
diffusion process such that X (0) = 0, and whose conditional generator given W, is

Vw4 (w4
26 dx ¢ dr /-

We denote by P, the law of X conditionally on the environment W,, and call it the quenched
law. We also define the annealed law P as follows:

P() := /Pw(-m(wﬁ € dw).

The diffusion X is generally considered as the continuous time analogue of random walks
in random environment (RWRE), which have many applications in physics and biology (see
e.g. Le Doussal et al. [17]; for an account of general properties of RWRE, we refer to Révész
[19] and Zeitouni [30]). Such diffusions, introduced by Schumacher [22] and Brox [6], have
been studied for example by Kawazu and Tanaka [15], Hu et al. [13], Mathieu 18], Carmona
[7] and Taleb [27|. For a relation between RWRE and the diffusion X, see [22].

In this paper, we are interested in the transient case, that is, we suppose xk # 0. If X
is a diffusion in the random potential W, then —X is a diffusion in the random potential
(Wi(—=2), = € R) which has the same law as (W_,(z), * € R). Hence we may assume
without loss of generality that £ > 0. In this case, X (t) —;_ 1o +00 P-almost surely.

Our goal is to study the almost sure asymptotics of the supremum of the local time of X.
Corresponding problems for RWRE have been studied, for example, in Révész (|19], Chapter
29), Gantert and Shi [10], Shi [24], Hu and Shi [11], Andreoletti [1].

1.2 Results

We denote by (Lx(t,x), t > 0, z € R) the local time of X, which is the jointly continuous
process satisfying, for any positive measurable function f,

—+00

/Of(X(s))ds: [ @i, iz0 (12)

We are interested in the maximum local time of X at time ¢, defined as

L% (t) :=sup Lx(t, z), t>0.
z€R

Let
H(r):=inf{t >0, X(t) >r}, r>0 (1.3)

be the first hitting time of » by X. We recall that there are three different regimes for H:
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Theorem 1.1 (Kawazu and Tanaka, [15]) When r tends to infinity,
H(r) i}

T coSt, 0< k<1,
ri/s

H

He)oeoy oy

rlogr

H a.s 4

_(r) — , Kk>1,

r k—1

where ¢y = co(k) > 0 is a finite constant, the symbols “ £, v, Ly and ¢ 2257 denote

respectively convergence in law, in probability and almost sure convergence, with respect to
the annealed probability P. Moreover, S¢* is a completely asymmetric stable variable of index
K, and is a positive variable for 0 < k < 1 (see (5.1) for its characteristic function).

The first set of our results gives a precise description of the almost sure asymptotics of
L% along the first hitting times.

Theorem 1.2 For k > 0,

L* H 2\ 1/k
lim inf x(H(r)) =4 r P-a.s.
r—+oo (r/loglogr)l/x

Theorem 1.3 Let k > 0. For any positive nondecreasing function a(-), we have

S L[S B [0
Zna(n) {:Jroo <:>1rﬂoop [ra(r)]l/“ {+OO P-a.s.

n=1

If we consider L% (t) instead of L% (H(r)), the situation is considerably more complex,
and heavily depends on the value of k. We start with the lower asymptotics of L% (¢):

Theorem 1.4 We have

L5 (t
lim inf i) < K’ci(K) P-as if0<k<l,
t—oo t/loglogt
lim inf Lx(t) < = P-a.s. ifk=1,
t—oc t/[(logt)loglogt] 2

Ly (t — )2\ "
lim inf x(t) = 4 u P-a.s. if Kk > 1.
t—oo  (t/loglogt)t/= 8
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In the case 0 < k < 1, ¢;(k) is given by the variational formula

(k) = in {% / e, e, / (1= )2 (o) P > 1} |

where Cy is the set of continuous functions ¢ : [0, 1] — R such that ¢(0) = 0.

Theorem 1.5 We have, for any e > 0,

Lx(t)
lim inf X = P-a.s. if0<k <1
o 1 [(log 1) (loglog ]~ TR

In the case 0 < k < 1, Theorems 1.4 and 1.5 give different bounds, for technical reasons.
We now turn to the upper asymptotics of L*(t).

Theorem 1.6 Let a(-) be a nondecreasing function. If k > 1, then

= 1 < 400 . L5 (t) 0
E 1 —— = P-a.s.
na(n) { = 400 — lﬂigp [ta(t)]V/= +00 @5
n=1
Theorem 1.7 If0 < k < 1, then
L5 (t
lim sup x(t) = +00 P-a.s.
t—-+o0

Theorem 1.6 gives, in the case k > 1, an integral test which completely characterizes the
upper functions of L*(¢), in the sense of Paul Lévy. This is in agreement with a result of
Gantert and Shi [10] for RWRE.

Theorem 1.7 tells us that in the case k < 1, the maximum local time of X has completely
different behaviour from the maximum local time of RWRE (the latter is trivially bounded
by t/2 for any positive integer t, for example). Such a peculiar phenomenon has already
been observed by Shi [24] in the recurrent case, and is even more surprising here since X is
transient.

We have not been able to settle the very delicate critical case k = 1.

In the proof of Theorems 1.4, 1.5 and 1.7, we will frequently need to study the almost
sure asymptotics of the first hitting times H(-). In view of the last part of Theorem 1.1, we
only need to study the case x € (0,1].

Theorem 1.8 Let a(-) be a positive nondecreasing function. If 0 < k < 1, then

f: L <+ <= limsu ﬂ— 0 P-a.s
na(n) | =+o0 o [ra(r)]t/s | 400 o

n=1

If k = 1, the statement holds under the additional assumption that limsup,_,, (logr)/a(r) <
0.
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Theorem 1.9 If0 < k < 1, then

o H(r)
liinﬁgof 77+ T {log log r) /AT — ca(k) P-a.s.,
where the value of co(k) is given in equation (5.9).
If k =1, then
lim inf A(r) =4 P-a.s.

r—+oo 1logr

It was asked in Hu et al. [13] whether the convergence in probability H(r)/(rlogr) — 4
in Theorem 1.1 in the case k = 1 can be strengthened into an almost sure convergence.
Theorem 1.8 gives a negative answer.

We observe that in the case 0 < k < 1, the process H(-) has the same Lévy classes as
r—stable subordinators (see Bertoin [3] p. 92).

Theorems 1.8 and 1.9 can be stated for the process X itself, by means of a standard
argument.

The rest of the paper is organized as follows. In Section 2, we give some preliminaries
on Bessel processes. We present in Section 3 some technical estimates which will be needed
later on; the proof of one of the technical estimates (Lemma 3.3), is postponed until Section
7. Section 4 is devoted to the study of L% (H(r)) and the proofs of Theorems 1.2 and 1.3. In
Section 5, we study the Lévy classes for the hitting times H(r) and prove Theorems 1.8 and
1.9. In Section 6, we study L% [H(r)]/H (r) and prove Theorems 1.4-1.7. Finally, Section 7
is devoted to the proof of Lemma 3.3.

Throughout the paper, the letter ¢ with a subscript, denotes unimportant constants that
are finite and positive.

2 Preliminaries on Bessel processes

For any Brownian motion (B(t), ¢t > 0) and r > 0, we define the first hitting time
op(r) :=inf{t >0, B(t)=r}.

Moreover, we denote by (Lp(t,x), t > 0, = € R) the local time of B, i.e., the jointly con-
tinuous process satisfying fot f(B(s))ds = fj;o f(z)Lp(t, z)dx for any positive measurable
function f. We define the inverse local time of B as

Tg(a) :=inf{t >0, Lg(t,0) > a}, a>0.

Furthermore, for any 6 > 0 and x > 0, the unique strong solution of the stochastic differential
equation

Z(t)=z+ Z/Ot V Z(s)dpB(s) + ot,
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where (5(s),s > 0) is a Brownian motion, is called a d—dimensional squared Bessel process
starting from x. A d—dimensional Bessel process starting from z is defined as the (nonnega-
tive) square root of a §—dimensional squared Bessel process starting from z%. We recall some
important results.

Fact 2.1 (first Ray-Knight theorem) Consider r > 0 and a Brownian motion (B(t), t > 0).
The process (Lg(og(r),r—x), x > 0) is a continuous inhomogeneous Markov process, start-
ing from 0. It is a 2—dimensional squared Bessel process for x € [0,r] and a 0-dimensional
squared Bessel process for x > r.

Fact 2.2 (second Ray-Knight theorem) Fix r > 0, and let (B(t), t > 0) be a Brownian
motion. The process (Lg(Tp(r),x), © > 0) is a 0—dimensional squared Bessel process starting
from r.

Fact 2.3 (Lamperti representation theorem [16]) Consider Wy(x) = W(x) — kx/2 as in
(1.1), where (W(zx), > 0) is a Brownian motion. There exists a (2 — 2k)—dimensional
Bessel process (p(t), t > 0), starting from p(0) = 2, such that

1 t
exp[Wx(t)/2] = 3P (/o eW”(S)ds> : t>0.

See e.g. Revuz and Yor ([20], chap. XI) for more details about Ray—Knight theorems and
Bessel processes.
We also recall the following extension to Bessel processes of Williams’ time reversal

theorem (see Yor [29], p. 80).
Fact 2.4 One has, for § < 2,

(R5(TO - S)a s < TO) é (R4—5<S)7 s < ’7&)7
where £ denotes equality in law, (Rs(s), s > 0) denotes a d—dimensional Bessel process
starting from a > 0, Ty :=inf{s > 0, Rs(s) =0}, (Ry_s(s), s >0) is a (4 — )—dimensional
Bessel process starting from 0, and 7, := sup{s > 0, Ry s(s) = a}.

3 Technical estimates

We start by introducing
A(x) :—/ eV Wdy, z € R,
0

which is a scaling function of X. We observe that, since k > 0, A(z) — A, < 0o when
T — +00.
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For technical reasons, we have to introduce the random function F' as follows. Fix r > 0.
Since the function x — A, — A(x) is almost surely continuous and (strictly) decreasing,
there exists a unique F'(r) € R, depending only on the process W, such that

Ao — A(F (1)) = exp(—kr/2) = 6(r). (3.1)
Our first technical estimate describes how close F(r) is to r, for large r.

Lemma 3.1 Let k >0 and 0 < §y < 1/2. Define

Ey(r) = {(1 — %r—ﬁo) r<F(r) < (1 + %7«40) r} : (3.2)

Then for all large r,
P(FEy(r)°) < exp(—r'=20/4). (3.3)

As a consequence, for any € > 0, we have, almost surely, for all large r,

(1—e)r <F(r)<(l+e)r (3.4)

With an abuse of notation, for r > 0, we denote by X o Oy, the process (X (H(r)+1t) —
r, t > 0), which, conditionally on W,, is a diffusion in the potential (W, (x+1r)—W,(r), = €
R), starting from 0. Define Hxoce,,,,(s) = H(r +s) — H(r). Similarly, Fxoe/,,, Lo
(HoF) Xo0p ., €tc, denote respectively the processes F', L* and H o F for the diffusion
X 0 Op(), with (L*)x := L%. The following lemma is a modification of the Borel-Cantelli
lemma.

Lemma 3.2 Let k> 0. Let f: (0,+00)?> — R be a continuous function, and let (A,),>1 be
a sequence of open sets in R. Let o > 0, r, :=exp(n®) and R, ==Y p_, 1. If

> P{f[(H o F)(ra), (L o H 0 F)(r2,)] € Ay} = +o0, (3.5)

n>1

then for any € > 0, almost surely, there exist infinitely many n such that for some t, €
(1 —&)ran, (1 + &)ranl,

f[HXoeH(R2n—1)(tn)’ (L* © H)XOG)H(R%_l)(tn)] SEAVE

In the rest of the paper, we define, for d; > 0,

Ni=4(1+k), c3:=20\/K)", Yir(r):=14+ %, ty(r) = fﬁ/&T(T)T (3.6)
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Moreover, if (3(s), s > 0) is a Brownian motion and v > 0, we define the Brownian motion
(Bu(s), 5 >0) by By(s ) := (1/v)B(v%s). We also introduce

Ks(k) = /0 Ooxl/”’QLﬁ(Tg()\),x)dx, 0<k<l, (3.7)
Cs = /01 Lﬁ(Tﬂ(g;’x) — S+ /1+OO —Lﬁ(Tﬁ$(8)’$)dx. (3.8)

We prove in Section 7 the following approximation.

Lemma 3.3 Let ¢ € (0,1). For 6 > 0 small enough, there exist a Brownian motion
(B(t), t >0) and a constant cqy > 0 such that the following holds:
(i) For k >0, some a > 0 and all large r, we have

P{Es(r)} >1—r"°,

where
Ba(r) = {(1=2)L(r) < Ly[H(F()] < (1 + ) L4 ()} (3.9)
Ei(r) = 4[liti(7’)]1/“ sup [ﬁti(r)(u)}l/“:él sup [mﬁ(u)]l/”. (3.10)
0<usTs, () (A) 0<u<rg(At+(r))

(ii) For 0 <k <1, some a > 0 and all large r, we have

P{Es(r)} >1—r"

where
By(r) = {(1 I (r) S H(F(F) < (1+ 5)f+(7")} , (3.11)
R 4&1/”_2@(7’)1/“{}(5%(” (k) £ cqte(r)t =15}, 0< k<1,
hs { H2(){Co,, + SlogL (1)) et O

The rest of this section is devoted to the proofs of Lemmas 3.1 and 3.2. The proof of
Lemma 3.3 is postponed to Section 7.

Proof of Lemma 3.1. Let 0 < do < 1/2, and fix 7 > 0. Define /Wv/,{(u) = W(u+r)—
W(r) — ku/2, and A := [;° exp(W,(u))du. Notice that

log[Ao — A(r)] = log Ay + W, (r).

Define . .
Ey(r) := {(—27“_50 — 5) r <log[Aw — A(r)] < (27“_60 — 5) 7"} .
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Recall that g@@ £9 /7%, where 7, is a gamma variable of parameter k (see e.g. Dufresnes,

[9]), i.e., 7. has density ﬁe‘%”‘l for positive x. Consequently,

P(Ey(r)) = P[llog(Au — A(r)) + rr/2]| > 2r'7%]

Py, > 2exp(r'=)] + Py, < 2exp(—r'=%)] + P[|[W (r)| > r17%]

3exp[—r! 2% /2] (3.13)

for 7 large enough. Recall that Ay, — A(F(r)) = 6(r) = e™*"/2. On E,[(1 + 5r~% /k)r],
log{As — A[(1 +5r7%/r)r]} < {2[(1 + 577 /k)r]™% — k/2}(1 + 5r7% /K)r

5%
—)

<
<

4
= gr (—1 + Er“so + 0(7"“50)) (1+

< log[As — A(F(r))],

where f(r) = o(g(r)) means lim,_ £ gj; = (0. This gives the second inequality in (3.2) by
monotonicity of A. A similar argument shows that the first inequality holds on E,[(1 —
5r=% /k)r]. This yields (3.3) in view of (3.13).

Inequality (3.4) follows from (3.3) by an application of the Borel-Cantelli lemma and the
monotonicity of F(-). O

Proof of Lemma 3.2. We divide R, into some regions in which the diffusion X will behave
“independently”, in order to apply the Borel-Cantelli lemma.
Let n > 1 and let

. 1
E5<Tl) = {t: H(Rom1) inf X(t) > R2n72 + —7’2”1} .

<t<H(Ran+r2n+1/2) 2

Define x,, := rg,_1/2. First, we notice that for any environment, i.e., for any realization of

Wi,
P,(Es(n)®) = Pre[H(Ryy_o+ 2,) < H(Rgp + Tpi1)]

-1
fon-1 Wa(@) g
Ron—2+xn
= 1+ Ron+x
2n n+1 ewﬂ(x)dx

Ropn—1

Let g9 > 0, v, :=2(logn)/k and

E6 = { sup W,{(I‘ + Rgn_g + In) — WR(RQn_Q -+ l’n) —+ gx‘ S é‘0(7’1217,—1 - xn)} )
0<zx<ron—1—xn
E7 = {Sli%)[wn(w + R2n71) - WK/<R2’I’L71)] S Un} .
For large n,

P(E) < 2exp[—ea(ran_1 — 74)/2]. (3.14)



72 4. Maximum of the local time of a diffusion in a drifted Brownian potential

Moreover (see Borodin and Salminen [5], formula 1.1.4 (1)),
P(ES) = exp(—rv,) = 1/n?. (3.15)
On the other hand, we have, on Eg N E7,
R2n+mn+l
/ e @ dz < (1o 4 Tng1) exp (vp + Wi(Ran_1))
Ran-1
and for n large enough (on Eg N Ex),

Ron—1 T2n—1—Tn
/ eWﬁ(I)dx / ewﬁ(Rzn_2+xn)7%I7€0(T2n_17xn)dx
Ron—2+zn 0

v

> eXp[Wn<R2n72 + xn) - 50<T2n71 - xn)]/ﬁ
As a consequence, on Fg N Er,

p (TZn + anrl) eXp[Un + WI{(RQTL*l)]
eXp[Wn(R2n72 + xn) - 80(7’27171 - xn)]
< K(ron + Tnat) explu, + (280 — £/2)(ron—1 — x,)]. (3.16)

Fy(E5(n)°)

Integrating (3.16) over Eg N E7, and recalling (3.14) and (3.15), we get for £y small enough,

> P(Es5(n)") < oc. (3.17)

To complete the proof of Lemma 3.2, we define
Do = {3t € [(1=)ram, (1+ )raal,

f[HXOGH(R2n71)(tn)7 (L* © H>X09H(32n,1)<tn)] €A,

. 5 5
(‘:n = {(1 — ETQHO) Ton S FXO@H(RQTHU(TQH) S (1 + ET2"O) T2n} .

Let ¢, := FX°9H(R%,1>(T2”)' We have,

D, N Es(n) O { FlHxoonm, @) (L 0 H)xoopm, @) € An} N Es(n) N E,.

By assumption, ) P{f[HXo@H(RQn_l)({n)’ (L*o H)XO®H<R%_1>(£1>] € A,} = co. Moreover,
X 00Oy(r,,_,) is a diffusion process in the potential W (z+ Ra,—1) — Wi (Ron-1), € R, hence
P(&,) = P(E:(rs,)). Inview of (3.17) and Lemma 3.1, this yields > P(D,NE5(n)) = +o0.

Since D,, N E5(n), n > 1, are independent events, Lemma 3.2 follows by an application
of the Borel-Cantelli lemma. O

The proof of Lemma 3.3 is postponed to Section 7.
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4 Proof of Theorems 1.2 and 1.3

4.1 Proof of Theorem 1.3

Let r, := €™ and R,, := Y ,_, 7% Let a(-) be a positive nondecreasing function. We begin
with the upper bound in Theorem 1.3.
According to Formula 4.1.2 of Borodin and Salminen [5],

P sup f[(t) <y | =exp (—i> , v>0, y>0. (4.1)
0<t<7(v) 2y

In particular, for Ei which is defined in (3.10), and any positive y and r,

T K yr
P (Li<7”) < (yr)l/ ) = P sup ﬁti(r)(u) < m
0<usrs, ) (V) +
24m
= exp (—H2—lzi(r)) . (4.2)

This together with Lemma 3.3 gives, for r large enough,
P{LX[H(E@®) > (ralen)""} < P{U+)L4(r) > (ra(e™r)""} + B(Ex(r))

K 24K
SRS

2a(e~2r) log r)?
Cs 1

= a(e=?r) * (logr)? (4:3)

since 1 — e~ “”<xforallx€R
Assume > oo

< 0 which is equivalent to » '~} ( 5 < 0. Then

n= lnan

Y P{LY[H(F(ra))] > [raa(ra—2)]'/"} < cc.

By the Borel-Cantelli lemma, almost surely for all large n, L [H(F(r,))] < [rna(r,_2)]Y/".
On the other hand, r,_; < F(r,) almost surely for all large n (see (3.4)). As a consequence,
almost surely for all large n, L [H(r,_1)] < [rna(r,—2)]"/".

Let r € [rp—2,7n—1]. Then

L[H(r)] < Lx[H (ra-1)] < [raa(ra-2)]V* < < [ra(r)] .

Consequently, g
lim sup Lx[H(r)] < en P-a.s. (4.4)



74 4. Maximum of the local time of a diffusion in a drifted Brownian potential

Since Z:: ﬁen) is also finite, (4.4) holds for a(-) replaced by ea(-). Letting ¢ — 0 yields
the “zero” part of Theorem 1.3.

Now we turn to the proof of the lower bound. Assume 37> 1

n=1 a(rm) — 100 Observe that
we may restrict ourselves to the case a(r) — +o0o0 when x — 400, since the result in this
case yields the result when a is bounded.

By an argument similar to the one leading to (4.3), we have, for r large enough,

x 2,.\\ /% Cs 1
P{LH(FM)] > (ra(e*r) "} = o~ o
which implies
Z]P) {<L§( © H o F)(TQTL) > [T2na(r2n+2)]1/n} = +00.

By Lemma 3.2, almost surely, there exist infinitely many n such that

sup (L" 0 H) xobyn, () > [F2na(rans2)] "

te[(1—e)ran,(14€)ran]

For such n, we have Sup;e((1_cyry, (14e)ran) Lx [H (Ron-1+1)] > [rona(r9n12)]*/*. Consequently,

L5 (H(Rg,— t
sup Y(H(Rop—1 + 1)) "
te[(1—)ram,(14+e)ran] [(R2n—1 + t)a(Ron_1 + 1)]1/*

almost surely for infinitely many n, which gives

M P-a.s.

I >
R T e

Replace a(-) by a(-)/e, and let ¢ — 0. This yields the “infinity” part of Theorem 1.3. O

4.2 Proof of Theorem 1.2

By Lemma 3.3 and (4.2), for every positive function g and large r,

1/k 2 4K K
r k2451 —e)fb_(r)g(r) 1
P|LY[H(F — < — ) 4.5
[ A= <9(r)> = ( 2 " {logr)? 45)
We choose g(r) := H24H(12_(€1)ti)1¢7(r) loglogr. Let s, := exp(n'~¢). Then

iP[L}[H(Fm)k( o )/] e

9(sn)



4. Proof of Theorems 1.2 and 1.3 75

By the Borel-Cantelli lemma, almost surely for all large n,

Ly [H(F(s0))] = [sn/g(s0)]'/".

On the other hand, by Lemma 3.1, s,, > F(s,_1) almost surely for all large n, which implies
that, for r € [sy, Spi1,

Ly [H(r)] > Ly [H(F(s0-1))] = [sn-1/g(sn-0)]"" = (1 = &)[r/g(r)]/",
since $,,_1/Sp41 — 1 as n — +o00. Consequently,

L* H 2\ 1/k
lim inf x(H(r) >4 K P-a.s.
r—oo  (r/loglogr)t/x 2

Now we prove the inequality “<". Let r, := exp(n'™®), R, := > ,_,m and g(r) :=

524%11(2);?1%(7“) loglogr. By Lemma 3.3 and (4.2), for all large r,
1/k 24k K =
r RA (L L (g 1
P|Ly[H(F —_— > — — .
[ (e < (575) ] > o 2 (log 1?
Therefore,

P [L}[H(F(r%))] < (fQ” )W = +oo.

1 g (T2n)

It follows from Lemma 3.2 that, almost surely, there are infinitely many n such that

1/k
. * Ton
inf (L* 0 H)xo0yn, (1) < ( 2 ) :

te[(1—e)ran,(14+€)ran) §<T2n)

On the other hand, an application of Theorem 1.3 gives that almost surely for large n,

1/k
L (H(Ranr)) < [Ran log? Rop1]/* < ¢ (~ ) |
g(r2n>

since R, < pr, < pexp(—p°)rp+1 for p large enough. Therefore, almost surely, for infinitely
many 1,

1/k
inf LY[H(Ron—1 +1t)] < (1+¢) (NLH)) :

te[(1—e)ran,(14+¢€)ran] g(’f‘gn

Hence, for such n,

* 24K 1/.%
nt B O < (1) ()
tel(1=e)rzn,(14+2)r2n] [(Ran—1 + 1)/ loglog(Ray—1 + 1)]1/* 2

This yields

L (H 2\ 1/x

lim inf x(H(r) <4 T P-a.s.,
r—+oo (r/loglogr)l/s 2

proving Theorem 1.2. O
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5 Proof of Theorems 1.8 and 1.9

In this section, we assume 0 < k < 1, and prove Theorems 1.8 and 1.9 in Subsections 5.1
and 5.2 respectively.

Let S¢* be a (positive) completely asymmetric stable variable of index s, and C§* a
completely asymmetric Cauchy variable of parameter 8. Their characteristic functions are
given by:

. , TK
Eexp(itS) = exp |=[t* (1—isga(t) tan(T)) |, (5.1)

2
Eexp(itCg®) = exp {—8 (|t| +it— log|t!)} :
m

We write

1/k
K
= . 5.2
v(r) (4P2(/£) sin(wm/?)) (5:2)
Recall T, from (3.12). By Biane and Yor [4], for A > 0 and 0 < x < 1,

Le(r) £ 4rM" 2 () V526" (k) N/R S £ eqt e () 717}
ti(T)l/ﬁ{Cg S;:a + Co ti(T)l_l/K}, (53)

where
cg i = S(rR)AN/ R, co := 4k 2y

In case k = 1, the result of Biane and Yor [4] says that for some positive constant ¢y,

Ti(r) £ 4t (r)[8cio + (7/2)C5" + 8logt o (r)]. (5.4)

We have now all the ingredients to prove Theorems 1.8 and 1.9.

5.1 Proof of Theorem 1.8
5.1.1 Case(O< k<1

We assume 0 < k < 1. As in Section 4.1, we define 7, := e¢” and R,, := > _;_, 4. Let a(-) be
a positive nondecreasing function.

By Samorodnitsky and Taqqu (|21], p. 16),

c
P(S¢ > x) ~ —
x——4o0 Ik

where f(z) ~; 100 g(x) means lim, .. f(z)/g(x) = 1, and ¢1; is a positive constant
depending on k.

Without loss of generality, we assume that a(n) — oo (for n — o0).
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Recall t.(+) from (3.6). By Lemma 3.3 and (5.3), for large r, we have

PIH(F(r)) > (ale?r)ts(r)""] < Pl(1+e)Ti(r) > (ale7r)t4(r) "] + P[Es(r)]

-2 1/k 1
< P Sea ¢ 1-1/k > ((1(6 T))
< cg S + coty (1) 1+e (log 7)?
C12 1
< . 5.5
~ ale?r) * (logr)? (55)
Assume 2@1 ﬁ < 0. By the Borel-Cantelli lemma, almost surely for n large enough,

H(F(ra)) < [a(ra-2)ts (ra)]'/" = (s (ra) iraa(ra—z) /)",

On the other hand, by Lemma 3.1, almost surely for all large n, we have 1,1 < F(r,42),
which implies that for r € [r,, 1],

H(r) < H[F(rus2)] < [+ (rs2)iras2a(ra) /NS < exslra(r)]V”.

Therefore,

. H(r)
llTTiLlop W S C13 ]P)*a.S.,

implying the “zero” part of Theorem 1.8, since we can replace a(-) by any constant multiple
of a(+).

To prove the “infinity" part, we assume » 1

n>1 na(n)
argument leading to (5.5), we have, for r large enough,

= +o00, and observe that, by a similar

r a(e®r)t_(r)V/" as __ 1 .
PUH(F(r) > (a(en)t-(r)7] >~ = s

It follows from Lemma 3.2 that, almost surely, there exist infinitely many n such that

sup HX0®H(R2n71> () > la(rani2)t- (T2n)]1/na
te[(1—¢)ran,(14+€)ran]

which implies, for these n,

H(Ry,—1 + 1)
sup

> C15.
tel(1—e)ram,(1+)ran] [A(Ron—1 4 t)(Ron—1 + t)]1/*

This gives

. (r
l}rfgigop W Z Ci5 P*EL.S.,

proving the “infinity” part in Theorem 1.8, in the case 0 < k < 1. O
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5.1.2 Case k=1

Let r, := €™ and R,, := 22:1 ri. We recall that there exists a constant c¢;g > 0 such that
P(Cs" > x) ~ 8 (see e.g. Samorodnitsky and Taqqu [21], p. 16).

By Lemma 3.3 and (5.4), for large 7,

P {H(F(r)) > 4t (r)(1 + )[8c10 + a(e %) + 8logt, (r)]}
< P {I+(T) > 4t (r)[8cio + a(e™r) + 8log t+(7“)]} + P(E3(r)°)
2616 1

(2/m)a(e~?r) * (logr)?’ (5.6)

Assume ) y < 0. Then by the Borel-Cantelli lemma, almost surely, for all large n,

n>1 na n)

(]' -+ €)¢+ (Tn)fan
2

H(F(r,)) < [8cio + a(ry—2) + 8log(¥ (1) kT /8)],

since t,(r) = 1, (r)kr/8 (in case k = 1).
Under the additional assumption limsup,_, . (logr)/a(r) < co, we have, almost surely,
for all large n and r € [r,, r,41] (thus r < F(r,42) by Lemma 3.1),

H(r) < H(F(rps2)) < cigrpaala(ry) + log rpya] < cigra(r).

This yields the “zero” part of Theorem 1.8 in the case Kk = 1.
For the “infinity" part, we assume -, m(n) = 400. As in (5.6), we have, for large r,

9 C1g - 1
P {H (r)) > 4t_(r)(1 — €)a(e r)} > @/ma(e) ~ (ogr)?’

which implies
> P{H(F(ran)) > 4t_(ra,)(1 = €)a(ransa)} = +o0.

n>1

By Lemma 3.2, almost surely, there are infinitely many n such that

sup Hxoopp, (W) > 4t_(re)(1 —e)a(rai2),
u€[(1—e)ran,(14+€)ran]

which yields, for such n,

sup H{(v)

> C19-
vE[Ron—1+(1—¢€)ron,Ron—1+(1+€)ran] UCL(U)

This proves the “infinity” part of Theorem 1.8 in the case kK = 1. 0
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5.2 Proof of Theorem 1.9
5.2.1 Case < k<1
Recall (see Bertoin [3], p. 221) that

logP(S% < ) ~  —cyor W), (5.7)

z—0, >0

where ¢y is a constant depending only on . Consequently, for r large enough, by (5.3) and
Lemma 3.3, for any (strictly) positive function f,

< P {Cgs,ia - Cgt,(T’)lfl/” < M} + L

PH(F(r)) <t ()" f(r)] < P(1=e)T(r) <t (r)"/"f(r)] + B(Es(r)")

1—¢ log? r
1-1/k
< plgo < f(r)+ car N 12
(1 —¢)esg log*r
(1—¢)cs w/(1=r) 1
= o [ (c20 = 2) (f(r) + ey ri-1/s log®r (5:8)

Let s, := exp(n'~¢) and

f( ) 1—¢ (1=r)/n (1 — 6)08(620 — 8)(17@/% Co1
)= B )
1+¢ (log log r)(1=r)/s rl/r=1

Then Y " P[H(F(s,)) < t_(s,)"*f(s,)] < oo, which, by means of the Borel-Cantelli
lemma, implies that, almost surely, for all large n,

H(F(sy)) > t—(sn)l/ﬁf(sn)'

Recall from Lemma 3.1 that, almost surely, for all large n, we have F(s,) < (1 + ¢€)s,. Let
r be large. There exists n (large) such that (1 +¢)s, <r < (1 + 2¢)s,. Then

HO) 2 () 2 -6 0 = 2 (15 ) £ (152 )

Plugging the value of t_(i75;) (defined in (3.6)), this yields

L H(r) (1-r)/5
lﬁglﬁ&f ri/5(loglog r)(x=1)/% = 8(K)ez Fras.

To prove the upper bound, let r,, := exp(n'*®), R, := > _,_, 1 and

(r) :=e+ [ R (1+ €)es(e + &) /r 22
g\r) - 1_¢ (log log r)(1=r)/r rl/e—1"
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By means of an argument similar to the one leading to (5.8), we have » - P[H(F(r,)) <
t(rn)Y*g(r,)] = +00. By Lemma 3.2, almost surely, there exist infinitely many n such that

inf Hyxo < [ta (ro) " g (19y).
ue[(lfe)v}zri,(1+s)r2n} X 9H(R2n71)(UJ) [+(T2 )] g(TQ )

On the other hand, by Theorem 1.8, we have, almost surely, for all large n,

H(Rn—1) < [Ron-1log® Ry, 1] < efty (ran)]/"g(ran),

since Ry < kexp(—k®)riy1 for all large k. Hence, almost surely, for infinitely many n,

inf H) < (1+&)[ts(ren)]"" Ton),
vE[Ran—1+(1—€)ran, Ron—1+(14+€)ray] ( ) ( )[ +< 2 )] g( 2 )

which implies
lim inf A(r)
r—+o0 11/%(loglog 1)

1-K)/Kk
/s S Sw(/i)cgo )/ P-a.s.

This completes the proof of Theorem 1.9 in the case 0 < k < 1. The value of ¢y(k) (recalling
¥ from (5.2)) is given by

(1/m) TR YR -
cao) =800 =8 () (5:9)

K ) S1n

where ¢y is defined in (5.7) and depends on k. O

5.2.2 Case k=1

Assume k = 1 (thus A = 8). By Samorodnitsky and Taqqu (|21], Proposition 1.2.12),
Elexp(—C§*)] = 1 (in the notation of [21], C§* is distributed as S1(8,1,0)). Hence,

P[CS* < —elogr] < r°Elexp(—Cg*)] = . (5.10)
By Lemma 3.3 and (5.4), we have, for all large r,
P{H(F(r)) <4t_(r)(1 — 2¢)[8c1o + 8logt_(r)]}

P (cga < L logur)) T P(B(r))

IN

< P(C§* < —clogr) + P(Es(r)¢) < r—.
Let s, := exp(n'~¢). Thus, by the Borel-Cantelli lemma, almost surely, for all large n,
H(F(sp)) > 32t_(8,)(1 — 2¢)[c10 + logt_(s,)] > 4(1 — 3¢)s, log .

In view of (the last part of) Lemma 3.1, this yields

H
lim inf (r) >4 P-a.s.
r—+oo 1logT

The inequality “<” follows immediately from Theorem 1.1 (that H(r)/(rlogr) — 4 in
probability). This completes the proof of Theorem 1.9 in the case k = 1. O
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6 Proof of Theorems 1.4-1.7

Proof of Theorem 1.4: case x > 1. Follows from Theorems 1.2 and 1.1. ]
Proof of Theorem 1.6. Follows from Theorems 1.3 and 1.1. O

We now assume 0 < k < 1, and need to prove Theorems 1.4, 1.5 and 1.7. Unfortunately,
there is no almost sure convergence result for H(r) in this case due to strong fluctuations;
hence a joint study of L% (H(r)) and H(r) is useful. In Section 6.1, we prove a lemma which
will be needed later on. Section 6.2 is devoted to the proof of Theorems 1.4, 1.5 and 1.7 in
the case 0 < k < 1, whereas Section 6.3 to the proof of Theorems 1.4 and 1.5 in the case
k= 1.

6.1 A lemma

In this section we assume 0 < & < 1. Let 6, > 0 and recall the definition of L (r) from
(3.10).

Lemma 6.1 Let Eg(r) := {Z_(r) = Z+(r)} For all §5 € (0,61) and all large r, we have
P[Es(r)°] < r~%.

Proof. Observe that

1< /L\+(7°> <
L_(r)
Sup0<u<7'~ 1/1+(7“) P (T)]“T} ﬁ( )

= max | 1, , 6.1
Sup0<u<7'[3( —_(r)kr) ﬁ( ) ( )

/‘\

Sup0<u<7-6 [ (r)wr]=Tg[p— (r)Kr] B{u +7p W)— (T)HT]}
SUPo<u<rs (3 (r)sr) Blu)

where B(u) := B(u + T3[¢-(r)kr]), u > 0, is a Brownian motion independent of the random
variable SUpg< <, (y_ (ryer) B(U ) (4 1) and the trivial inequality 1 —e™* < z (for x > 0),
3 146 1
P wp B> ) - < S
0<u<7z{[¢)+ (r)=¢— (r)]rr} r

P ( sup Blu) < m) = 22l — 742%2.

0<u<rg(—(r)Kr) 452 log r

By definition, ¢+ (r) = 14c3r~% (see (3.6)). Therefore, we have, for large r, with probability
greater than 1 — 72,

SUPo<u<rg{[h+ (r)—¢— (r)]rr} B(u) < [t (r) — - (r)]rr'*02 8egdyr=17%) logr
SUPo<u<rs (- (r)sr) B(u) Y (r)kr/(402logr) 1 —cyr—a

<1,
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which, combined with (6.1), yields the lemma. O

6.2 CaselO< k<l

This section is devoted to the proof of Theorems 1.4, 1.5 and 1.7 in the case 0 < k < 1.
For any Brownian motion [, let

Ny o do T (7). 2)d
{SUPogugrg(A) 6(“) }1/H

Y

so that in the notation of (3.7), (3.6) and (3.10),
l/H Kﬂti(r) (HJ) .
L (r)

On Ey(r)N E5(r) N Eg(r) (the events Ey(r) and E3(r) are defined in Lemma 3.3, whereas
Ex(r) in Lemma 6.1), we have, for some constant cey and all large r,

Nﬁti(r) = 4[/€tﬂ:<r)]

M - ARl/F—2¢ (7’)1/;-:(1 — 8){th_(r)(/g) — eyt (7«)1—1/5}
LHFG)] © e
Nﬁt_(r) t_(r)
b T 6.2
> ) = ) 6.2)

Similarly, on Es(r) N E3(r) N Eg(r), for some constant ce5 and all large 7,

H(F(r))
Ly [H(F(r))]

N to(r t
5? ) + 025/\—’_&. (63)
K

< (14 3¢) )

Define Ey(r) := {#g) <e, ﬁ < e}. By (4.2), P(Ey(r)°) < 1/r? for large r. Thus
—(r +(r
P{E>(r)N Es(r)NEs(r)NEg(r)} > 1—r~—* for some «; > 0 and all large r. In view of (6.2)

and (6.3), we have, for some a; > 0 and all large 7,

P((1—35)Ni2(” —e< % < (1+35)%+5> > 1—%. (6.4)

We now proceed to the study of the law of N3. By the second Ray-Knight theorem (Fact
2.2), there exists a 0—dimensional Bessel process U, starting from VA, such that

(Lg(t3(A),z),z>0) = (U*(z),z > 0). (6.5)
Moreover,

sup  [(u) =inf{x >0, U(z) =0} =: (v. (6.6)

0<u<t3(A)
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Therefore,

Y Cu
Ns = (; H/ V522 (2)da (6.7)
0
By Williams’ time reversal theorem (Fact 2.4), there exists a 4-dimensional Bessel process
R, starting from 0, such that

(U(Gw —1), t<Cv)

I~

(R(t), t <), (6.8)

where a := v\ and
Yo :=sup{t > 0, R(t) = VA}. (6.9)

Therefore,

N £ ’Yal/“/ 2" R (1, — x)de = / (1 — v)l/=2 (R(%U)> dv.
0 0

Va
Recall (Yor [29], p. 52) that for any bounded measurable functional G,
R(yau) )} ( 2 )
EG( A<l =E| ==GR(u),u<1)). 6.10
o (M O, < ) (6.10)

In particular, for x > 0,
2
]P)(N/g > I’) = E (RQ—(l)l{fol(l—U)l/ﬁ2R2(’U)dv>$}) . (611)

6.2.1 Proof of Theorem 1.5 (case 0 < k < 1)
Fix y > 0. By (6.11),

2
P(Ng > yloglogr) < E (_R2(1) L a-o)/—2 2 (0)dv>y log logr, R2<1)<1}>

+OP ( / 1(1 —v)" 2R (v)dv > yloglog ?")
= IIy(r) + Iy(r) (6.12)

with obvious notation.
We first consider II(r). Recall that Cy denotes the set of continuous functions ¢ : [0, 1] —
R, such that ¢(0) = 0. By Schilder’s theorem (see Dembo and Zeitouni [§8], p. 185),

1 1
lim ————— logP 1 — o)/ 2R2 log 1
riinwyloglogr og (/0 (1—-v) R*(v)dv > yloglogr

—  _inf {% /01 P w)>2dv: ¢ € Co, /01(1 — )/ 267 (v)dv > 1}
— —an) (6.13)
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For ¢ € Co, ¢(v) = (¢ (w)du)® < v [ ¢'(u)du; thus [1(1 — v)/"2¢%(w)dv < [[1(1 —
V)Y 2udv] fo gb’ 2dv, whlch 1mp1ies c1(k) > 0.
By (6.13), for large r,

IIh(r) < 1

= (log r)—2wer(®)” (6.14)

Now, we consider IT;(r). As R is the Euclidean norm of a 4-dimensional Brownian motion
(v(t), t > 0), we have

2
IL(r)=E <W1{”’Y(1)|§1}1{f01(1v)l/"”"2||'y(v)2dv>yloglogr}> )

where || - || denotes the Euclidean norm. By the triangular inequality, for any positive

measure j on [0, 1] \/fo |y (v)]|2du(v) \/fo [v(v) — vy (1)[[2dpu(v) + \/fo vdp(v) [y (D).
Therefore,

2
) < E(||7(1)||21{f01<1—v>1/ﬂ-2v(v)—m<1>||2dv>w7yloglogr—c26>2}>

- E(WL@)

By the independence of (1) and (y(v) —vy(1), v € [0, 1]), the expectation on the right hand
side is = E(W)P(E) = P(E) (the last identity being a consequence of (6.10) by taking
G := 1 there). Therefore, II;(r) < P(E).

Again, by the independence of v(1) and (y(v) — vy(1), v € [0,1]), we see that, by writing
cor 1= L/P([[y(D)]| < 1), Thi(r) < e P(E, [[y(1)]] < 1). By another application of the
triangular inequality, this leads to:

1
Hl(r)§027IP’</ (1 —0)Y*2||y()|?dv > (\/yloglogr — 2cy) )
0

In view of (6.13), we have, for all large r,

1
H1<T) < (logr)(l—a)yq(ﬁ) ’

Plugging this into (6.12) and (6.14) yields that, for any y > 0, £ > 0 and all large r,

2
(log r)(1*5)ycl (k)"

P(Ns > yloglogr) <

Let s, := exp(n'™). In view of (6.4), we have proved that ]P’{—L* I all o

sn))]
% loglog s,,} < co. By the Borel-Cantelli lemma, almost surely, for all large n,

H(F(sn)) 1+ 4e lons
TR HF(s))] = (= e2mer(n) 081085 (6.15)
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H(F(sn+1))
We now bound HF )
almost surely for all large n,

Observe that for large n, s,4+1 — s, < n~°s,. By Lemma 3.1,

HUF(s) = HF(s) < H (04 25, 8s00] - [0 = 20905,

< H [(1 — an‘so)sn +(2- s)nssn} —H {(1 - ésnéo)sn]
= inf {u >0: Xp(u) > (2— 5)n_€sn} : (6.16)

where (X, (u), u > 0) is a diffusion process in the random potential /W,i(x) =Wz + (1 -
55,9 8,) = We((1 = 2s.%)s,), © € R. It is natural to write the above identity as

inf {u >0 Xo(u) > (2 — E)n_ssn} — H,[(2 — &)n~cs,). (6.17)

Note that for any r > 0, under P, H,(r) is distributed as H(r). Therefore, applying (5.5)
and Lemma 3.1 to r = 2n"%s,, yields that, for any 0 < g < %,

ZP[ (1 - §(2n_€sn) 50]2n—fsn) > [n(logn)*et, (2n"%s,)| V5| < .

Since [1—2(2n"%s,) %]2n"%s, > (2—e)n"=s, (for large n), it follows from the Borel-Cantelli
lemma that, almost surely, for all large n,
H, ((2 —e)n"%s,) < [n(logn)Tt, (20 %s,)]M". (6.18)
This, together with (6.16) and (6.17), yields that, almost surely, for all large n,
H(F(s01)) = H(F(50)) < [n(log n) "t (2n5,)]/" < casfn!==(log n) s,/
Recall from Lemma 3.1 and Theorem 1.9 that, almost surely, for all large n, H[F(s,)] >

H[(1—¢)s,] > W, which yields

H(F (sp+1)) cas[n'~*(logn)'*es,]'/"
H(F(sn)) — caosy " /(log log s,) /51

In view of (6.15), this yields that, almost surely, for large n and t € [H(F(sy,)), H(F(sn+1))],
we have

< Cgo(lOg Sn)l/n(log 10g 8n>(2+5)/,¢,1.

t . H[F(s,)]  H(F(8n41))

(24+¢e)/k
Ly (t) = Lx[H(F(sn))] H(F(sn)) '

< ¢31(log sn)l/“(log log s,,)

Since, almost surely for all large n, log H(F(s,,)) > log H((1—¢)s,) > +==log s, (this is seen
first by Lemma 3.1, and then by Theorem 1.9), we have proved that

L*
lim inf x(1)

> P-a.s.
SV Hlog )/ (loglog )-@vafs = 2 A

Since ¢ € (0, %) is arbitrary, this proves Theorem 1.5 in the case 0 < k < 1. O
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6.2.2 Proof of Theorem 1.4 (case 0 < k < 1)

By (6.11), for any s > 0 and u > 0,

P(Ng >s) > %IP (/01(1 — )Y 2R (v)do > s, R3(1) < u)
> %IP (/01(1 — )Y 2R (v)do > s) — %IP’ (R*(1) > ).

The first probability term on the right hand side is taken care of by (6.13), whereas for the
second, we have logP(R?(1) > u) — —3, for u — oo. Taking u := exp(y/loglogr) leads
to: for any y > 0,
log P(V, log1
lim inf —2 (N5 > yloglogr) > —ycy (k).
r—00 log log r

Plugging this into (6.4) yields that, for 7, := exp(n'*®),

(H o F)(ra,) (1 — 3¢) loglog ray, o) oo
ZP ((L}(oHoF)(rgn) k2ci1(k)(1+¢)3 ) oo

n>1
Let R, := ) ,_, rx. By Lemma 3.2 (in its notation), almost surely, for infinitely many n,

Hxoopm, (1) - (1 —8¢)loglog ran

sup " (6.19)
u€[(1—€)ran,(1+e)r2n] (L © H)Xo@H(R2n71)(u) fﬁ;zcl(/{)
Observe that
(L o H)xo0yn, ,,(u) =supLgz (H (u),z) =: L (Hn(u)) (6.20)

TSN

where (X,(v), v > 0) is a diffusion process in the random potential Wi.(z + Rpn-1) —
Wi(Ran1),z €R, (Lg (t,z), t > 0,2 € R) isits local time and H,(r) := inf{t > 0, X,(t) >
r}, r > 0. Hence, for any u > 0, under P, the left hand side of (6.20) is distributed as
L% (H(u)). Applying (4.5) and Lemma 3.1 to 73, := (1 — €)*ry,, there exists c33 > 0 such
that

5 _
ZP lL* . ( 1 + = (T2n>_5O)T2n]> < 033[7’2n/ log ]Ogr2n]1/51 < 00.

Since (14 2(72,) )72, < (1 —€)ry, for large n, the Borel-Cantelli lemma gives that, almost
surely, for all large n,

Ca3[ran/ loglog rap]Y/" < L <I:Tn[(1 — e)rgn]> <L% (f]n(u)> (6.21)
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for any u € [(1—¢€)ran, (1+¢€)r2,]. Applying Theorem 1.3, we obtain, almost surely, for large
n?

L% [H(Ron-1)] < [Ran_1log? Ry, ]'/"
< glrg,/loglog rgn]l/”
< (efew)Ly, (Halw)

for u € [(1 — &)ron, (1 + €)ray,), since Ry < kexp(—k®)rgy1 for large k. Hence,
Ly [H(Ran oy + )] < (1+¢/esg) Ly, (Ha(w)). (6.22)
On the other hand, by Theorem 1.8 and Lemma 3.1, we have, almost surely, for all large n,
loglogra, > (1 —¢)loglog H(Ron—1 + u), u € [(1—e)ron, (1 +¢)ray).

Consequently, almost surely for infinitely many n, by (6.22) and (6.19),

. Li[H ()
v€[Ran—1+(1—€)ran,Ran—1+(1+e)r2] H(v)/loglog H(v)

inf (L7 0 H)xoby(ry, (1)
w€[(1—€)rap,(14+€)ran] HXO@H(RQTL,l) (u)/ log IOg Ton

< (1+ 0365)/£201(/i),

< (1 +ce350)

proving Theorem 1.4 in the case 0 < k < 1. [

6.2.3 Proof of Theorem 1.7

Assume 0 < k < 1. Fix z > 0, and let r,, := exp(n'*¢). Since P(Ng < z) > 0, (6.4) implies

(H o F)(ra,) (14 3e)x
ZP((L;(OHOF)(%) < +5) = +o00.

neN

By Lemma 3.2, almost surely, for infinitely many n,

HXO@H(RQn,l)(u) < (1+3€)LE te

inf 6.23
w€[(1—¢e)ran, (14€)ran] (L* o H)XOGH(R2n_1> (U) K2 ( )

With the same notation as in (6.20), Hxoeyy, ,(u) = H(Ren-1 + u) — H(Rz,-1) is the

hitting time I;Tn(u) of u by the diffusion X,,. For any u, under P, it has the same distribution
as H(u). Hence, applying (5.8) and Lemma 3.1 to 75, = (1—¢)?rs, leads to (for 0 < §y < 1/2)

- 5 _ B -
Z]P’ [Hn ((1 + E(Tgn)_(so)rgn> < 7’;,/1 /log rgn} < 00.
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Since (1 + %(7‘2”)_50)772,1 < (1 = &)ry, for large n, it follows from the Borel-Cantelli lemma
that, almost surely, for all large n,

1/k

Top .
" < Hu(1— &) < f Hx, .
10g ran (1= )ran] < wel(-ram (1 ranl Ontny, ()

On the other hand, by Theorem 1.8, almost surely, for all large n,

1/k

T
H(Rap—1) < [Ron-1log® Rop ]/ < Elog%;
2n

Hence, for u € [(1 — €)ron, (14 €)ron], H(Ropn—1 +u) < (1 + E)HXO@H(R%_l)(u). Plugging
this into (6.23) yields that, almost surely, for infinitely many n,

. H(Ran_1 + ) (1+e)(1+3e)z
inf <
u€l(1—€)ran, (H—a)rzn] ( (RQn 1+ ’U,)) K?

+e(l+e).

This implies limsup,_, L%(t) > %2, a.s. Sending xr — 0 completes the proof of Theorem

1.7. U

6.3 Case k=1

This section is devoted to the proof of Theorems 1.4 and 1.5 in the case k = 1 (thus A = 8).
Let

Nj(t) == ! {/01 Lo(75(8), 2) _8dx+/1+oo de+810gt] .

SUPo<u<r4(8) Bu) x X

Exactly as in (6.4), we have, for some a; > 0, any € € (0, 5), and all large r,

P (1= 3V lr- (0] < g s < (439N, fe0]) 2 1 o, (624)

r

where ¢4 () are defined in (3.6). (Compared to (6.4), we no longer have the extra “+¢” terms,
since they are already taken care of by the presence of 8logt in the definition of Ns(t)).
With the same notation as in (6.5) and (6.6), the second Ray—Knight theorem (Fact 2.2)

gives
1 177200 +oo 772
Ns(t) = —{/ de—l—/ de—i—Slogt]
0 1

T T

L[ [V U*z)-8
= —{/ de%—é%log@%—é%logt].
0
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6.3.1 Proof of Theorem 1.5 (case k = 1)

We have A = 8 in the case x = 1.

I
Since sup,.o ~=* < 0o, we have

N/g(t) < Ca7 + —

/CU |U?(z )—8|der 8logt

Cu x Cu
We claim that for some constant czg > 0,
1 U2 (x) — 8
lim sup — log P ( / de > y) < —css. (6.25)
y—too Y w Jo Zz

Indeed, (v = supg<y<r,(s) (u) by definition (see (6.6)), which, in view of (4.1), implies
that P((y > 2) = 1 — e * < % for z > 0. Therefore, if we write p(y) for the probability
expression at (6.25), we have, for any z > 0,

Cu 2
P(Z/)<4+]P<<U/O de>y, §U§z>.

z T

In the notation of (6.8)—(6.10), this yields

———dv>y, 7 <z
% 1—v

(RQ( ) {fl wdv>y, R2(1)>8/z})

f </ () 1_U )|dv>y>. (6.26)

In order to apply Schilder’s theorem as in (6.13), let ¢ € Cy. By the Cauchy-Schwarz
inequality, |o(t)| < Vt] fo ¢'(u)?du]'/?, and |¢(1 — t) — ¢(1)] satisfies a similar inequality.

Hence,
[ =g, < [T =W 4

< 2 (/1 du ) /1 ¢ (u)*du
B o V91—u 0 ‘
Consequently,

039—1nf{ /qb Ydu: ¢ €y, /’(bQ T )’du>1}>0.

ply) <

+E

4
Pl
4
2
4
z
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Applying Schilder’s theorem gives that

RZ
lim sup — log]P’ (/ | 1 )|dv > y) < —cag.
—

y—+oo Y

Plugging this into (6.26), and taking z = exp(%2y) there, we obtain the claimed inequality

n (625), with C38 = %

On the other hand, by (4.1),

logt
P (8 g)g > 2(1 4 2¢)(logt) loglogt)

U (IOg t) 1+2¢°

Therefore, for all large ¢,

P{Ns(t) > 2(1 + 3¢)(logt) loglogt} < Tog)IvE"

Let s, := exp(n'~¢). By (6.24),

ZIP’ <L;[[1£[};§;(ngj))] > 2(1 + 3¢)?(log s, ) log log sn) < 00,

which, by means of the Borel-Cantelli lemma, implies that, almost surely, for all large n,

H(F(sn))
Ly [H(F(sn))]

< 2(1 + 32)*(log s,,) log log s,,. (6.27)

Now we give an upper bound for % By Lemma 3.1, almost surely for n large enough,

F(sy) > (1 —€)s,. An application of Theorem 1.9 yields that, almost surely, for large n,
H(F(sp)) > H[(1 —¢€)s,] > 4(1 — 2¢)s,, log sp,. (6.28)

With the same notation and the same arguments as in (6.16) and (6.17), almost surely
for all large n, H(F(sn41)) — H(F(s,)) < H,[(2 — €)n"¢s,]. Moreover, H,(r) is distributed
as H(r) under P for any r > 0. Hence, applying Lemma 3.1 and (5.6) to r = §,, := 2n"¢s,
and a(e™?3,) = 8n(logn)'* for 0 < §y < 3, we get

Z}P’ [ ( (1-— g(sn) 5°)sn) > 32(1 + €)t4(5,)[c10 + n(logn)* e +logt,(5,)]| < .

Since [1 — 2(5,)7%]s,, > (2 — e)n"“s, (for large n), the Borel-Cantelli lemma yields that,
almost surely, for large n,

H,((2 = e)n°s,) < 32(1 + )t (2n55,)[c10 + n(log n) + log t, (2ns,,)].
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Hence,
H(F(sn11)) = H(F(s4)) < caosn(log s,)(logn)'*=.

Consequently, almost surely for large n,

H(F(sn41))
H(F(sn))

Let ¢ € [H(F(sy)), H(F(sp:1))]. By (6.27),
o H[P(s)] H(F(su
Ly (t) = Lx[H(F(sa))] H(F(sn)

)
Since, almost surely for large n, log H(F(s,)) > log H((1 — €)s,) > log s, (by Lemma 3.1
and Theorem 1.9), this yields

< (e +¢)(loglog s,) .

)

2+e¢

< 3cq1(log s,,)(loglog s,)

L% (t) 1
lim inf X > P-a.s.
igj& t/[(logt)(loglogt)?*+s] — 3cq o
Theorem 1.5 is proved in the case Kk = 1. 0

6.3.2 Proof of Theorem 1.4 (case k= 1)
Again, A = 8. Recall that
1 v 172 _
Nﬁ(t):—{/ deJrSlogCUJrSlogt}.
G LJo xr

This time, we need to bound Ng(t) from below. Recall that (y = supg<,<.,) B(u). By
(4.1), for z > 8e,

()50 <) o i)

By (4.1) again,

8logt ) 1
P > 2(1 —¢)(logt)loglogt | = ——.
(V28 > 201 - eytomnoglogt) =

On the other hand, for all large y, P( 2 OCU de > y) < e “2¥ (see (6.25)). Assembling
these pieces yields that, for all large ¢,

P[Ns(t) > 2(1 — 2¢)(logt) loglogt] > W

Let 7, := exp(n'™¢). In view of (6.24), we get

ZP ( L*[j;[?g)?rl ) > 2(1 — 2¢)(1 — 3¢)(log 2,,) log log Tgn) = +o0.
neN n
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It follows from Lemma 3.2 that, almost surely, for infinitely many n,

HXO@H(Rzn—1) (U)

sup > 2(1 —2¢)(1 — 3¢)(log rap) loglog ra,.  (6.29)

wel(1=e)ran, (1+e)ran] (L0 H) X004, (1)

The expression on the left hand side of (6.29) is “close to” H(ra,)/L%[H (2,)], but we need
to prove this rigorously. With the same argument as in the displays between (6.20) and
(6.21), we get that, almost surely, for large n,

inf L* o H)xo > n/ logl n-
sittoon ey (L0 H)Xo0uin, ) (W) 2 Caaran loglogrs

Observe that Ry < kexp(—k®)riy1 (for large k). Exactly as in the case 0 < k < 1, we apply
Theorem 1.3, to see that, almost surely, for large n,

Lj;( [H(RQTL—l)] Rop—q 10g2 Rop—q
ery,/ loglog ray,

(e/cas) inf (L*o H>X0@H<R2n_1> (),

u€[(1—€)ran,(1+€)ran]

IA AN

which implies, for all u € [(1 — €)ray,, (1 + €)ran],
Lx[H(Rop—1+u)] < (L+¢/cas)(L" 0 H)xo0 4z, (W) (6.30)

By Theorem 1.8, almost surely for all large n, Sup,e(i—cyry,. (14e)rn 108 H(R2n—1 + u) <
(14 ¢)logry,. In view of (6.29), there are almost surely infinitely many n such that

. Li[H ()
vE[Ran—1+(1—€)ran,Ron—1+(1+e)r2a] H(v)/[(log H(v)) loglog H (v)]
inf (L} © H)XOGH(RQn_l) <u>
uel(1=e)ran,(14+e)r2n] Hxoo ) (u)[(logTan)loglogran]
< (14 eyg5¢)/2.

< (14 cue)

This proves Theorem 1.4 in the case Kk = 1. 0

7 Proof of Lemma 3.3

This section is devoted to the proof of Lemma 3.3. The basic idea goes back to Hu et
al. [13], but requires considerable refinements due to the complicated nature of the process
x— Lx(t, ).

Let £ > 0. Recall A(z) = [ e du, and A = lim,—.; o A(z) < 00, a.s. As in Brox
[6], the general diffusion theory leads to

X(t)=A7[B(T'®), t=0
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where B is a Brownian motion independent of W, and
T&):i/<ﬂpLQWQM7%B@»Hd& 0<r<op(A),
0

(A7 and T~ denote respectively the inverses of A and T). The local time of X can be
written as
Ly(t,z) = e V=@ Lg(T7(t), A(z)), t>0, xeR. (7.1)

Let H(-) be the first hitting time of X as in (1.3). Then

H(r) = Tlop(A(r))]
A(r
_ (r) 6—2W"[A_1(x)]LB(O-B[A(T)]7 Jj)daj

)+ He(r),

Il
=

where

H (1) = / exp{—2W, A~ ()]} Lp{omlA(r)], 2}z,

—0o0

A(r)
Ho(r) = (L; exp{—2W[A~ (@)} L {oplA(r)], 2}dz.

In view of the first Ray—Knight theorem (Fact 2.1), it is more convenient to study L% (H (r))
instead of L% (t). We consider

Ly (H(r)) = sglg Lx(H(r),z) = sglg {e*W“(x)LB[UB(A(T)), Az)]}.
Recall F from (3.1) and notice that F'(r) > 0 on E;(r). By the first Ray-Knight theorem

(Fact 2.1), there exists a squared Bessel process of dimension 2, starting from 0 and denoted
by (R3(t), t > 0), independent of W,, such that

Lp{og[A(F(r))], A(F(r)) — sA(F(r))} e s
( A(F(r)) >S€WU>—wﬂk € [0,1]).

Therefore,

= gy feviowves AR}

Moreover, by Lamperti’s representation theorem (Fact 2.3), there exists a Bessel process
p = (p(t), t >0), of dimension (2 — 2k), starting from p(0) = 2, such that

vt >0, VW2 = Zp(A(t)).
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Now, let N
RQ.:,_QK(t) = p(Aoo — t), 0 S t S Aoo

By Williams’ time reversal theorem (Fact 2.4), Ry, is a Bessel process of dimension (2+2k),
starting from 0. Since A(F(r)) s independent of Ry, u +— /A(F(r))Re(u/A(F(r))) is a 2—
dimensional Bessel process, starting from 0 and independent of EH% . We still denote by
R, this new Bessel process. We obtain

R3[A(F(r)) — A(x)]

LMAEOD = 4 s o~ Aw)
o w Ri(v)
vE[0,A(F( ]R2+2,¢[ — A(F(r)) + ]

Doing the same transformations on H,(r) and recalling that A, — A(F(r)) = o(r) =
exp(—kr/2), we obtain

(LX[H(F(r)], Hi[F(r)])

]
2 A(F(r)) 2
= (4 sup = Ry (v) ,16/ = Fy(s) ds
vel0,A(F(r)] R3, 0, [0(r) + v] 0 R0, [0(r) + 5]

_ G: . R3[3(r)o) m/ﬂ>“ W R3[5(r)uld(r)du )_
€050 A B ()L +0)] T o RS o [0(r)(1 4 w)]

We still denote by Ry the 2-dimensional Bessel process u — \/%Rg(é (r)u) . We define

Ryan(u) = Wéw%wm(l +u)l,  u=0.

Notice that (Rpi2(u), u > 0) is a (2 + 2x)-dimensional Bessel process, starting from

Ry12,.(6(r))/+/0(r) and independent of R.
Recall (Karlin and Taylor [14] p. 335) that a Jacobi process of dimension (di,ds) is a
solution of the stochastic differential equation

=2\/Y (1) (0))dB(t) + [dy — (dy + do)Y (8)]dt, (7.2)

where 3 is a standard Brownian motion.
According to Warren and Yor [28], there exists a Jacobi process (Y (¢), ¢t > 0) of dimension
(2,2 + 2k), starting from 0, independent of (R3(t) + RQHH( ), t > 0), such that

R3(u)
R3(u )+R2+2n( u)

Yu > 0, =Y o Ay(u),
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where . q
s
Ay (u) = / : | (7.3)
o R3(s )+R2+2K( s)
In particular, (Ay(t), t > 0) is independent of Y. As a consequence, for all r > 0,
(Lx| )], Hy [F(r)])
5(r)"LA(F(r)) /
_ (4 sup Y o Ay (u) 16/ [Y o Ay(u)]Ay(u)Qdu
) Jo [1 =Y oAy(u)

( wel0.6(m)-1AF@) L —Y o Ay (u
) /v(r) Y (u)
sup 16 7 gdu |,
( u€l0,y (U) 0 (1 =Y (u))?

Y(r) = Ay [6(r) T A(F(r))]. (7.4)

Let oy, :=1/(4 + 2k) and let Ty (o) == inf{t > 0, Y (¢) = «,} be the hitting time of a,
by Y. Define

where

_ Y (u) — Tvlow) Y (u)
L(r):=4 sup ———, H(r) =16 —————du,
ety T Y 1) I vy )
Lo(r) i= 4 O Ho(r) == 16 V}T) LACOR |
o(r) == sup —_— o(r) == ————du.
welTy (an)r(r)] L — Y (w) Tyl (1= Y (1))?
We have B o
(Lx[H(F(r))], Hi(F(r))) = (max{L(r), Lo(r)}, H(r) + Ho(r)). (7.6)
Moreover, on the event {Ty (c) < 64logr}, we have
—_ 4o, — 2100,
L(r) < T and H(r) < A=) log r. (7.7)
Observe that a scale function of Y is S(y) := 0‘1 1(1:1%' There exists a Brownian motion

(B(t), t > 0) such that

Yit+Ty(a)] =STHAUW],  t=0,
where .
ds
U(t) =4 :
0= T T YRR T
The rest of the proof of Lemma 3.3 requires some more estimates, stated as Lemmas

7.1-7.4 below. We admit these lemmas for the moment, and complete the proof of Lemma
3.3.
The proof of Lemmas 7.1-7.4 will be presented, separately, in forthcoming subsections.
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Lemma 7.1 Let (R(t), t > 0) be a Bessel process of dimension d > 4, starting from Ry
Ra_»(1), where (Rq_s(t), t € [0,1]) is (d—2)-dimensional Bessel process. For any ds € (0, 1)
and all large t,

8

Lemma 7.2 Let §; > 0 and define

1 bods 1 1
- < —cu6 (logt)?) .
logt/o R?(s) d—2‘ ~ (logt)(l/Q)—53} < exp (—cig (log £)**)

Eqg = {73[(1 —v™)\] < U(v) < 751 +v7") M)} (7.8)
If 01 is small enough, then for all large v,
. 1
Lemma 7.3 Let k > 0 and define
Ly (+00) := sup sup Lx(H(r),x) =sup sup Lx(t, ),
r>0 <0 t>0 x<0
H_(+o00) := hI+Il H_(r).
There exist c47 > 0 and cyg > 0 such that for all large z,
o Cq7
C48
P(H_ < i 11

Lemma 7.4 Let (5(t), t > 0) be a Brownian motion, and let A = 4(1 + k). We define

Ja(K,t,A) = /01 y(1 —y)" 2 Ls(15(N), @)dy, 0<k<1 t>0. (7.12)

Let0<d<1andlet0<e<1.
(i) Case 0 < k < 1: there exist ca9 > 0 and c5o > 0 such that for all large t, on an event Eyy
of probability greater than 1 — cy9/t?, we have

(1 —&)Kps(k) — csot' /" < w27VRA7VE Tk, 1, 0) < (1 + ) Ka(k) + csot' V", (7.13)
where K(k) is defined in (3.7).

(ii) Case k = 1: there exists cy9 > 0 such that for t large enough, on an event Ei; of
probability greater than 1 — cu9/t?,
(1—¢)[Cs+ 8logt] < Jz(1,t,8) < (14 ¢)[Cs + 8logt], (7.14)

where Cg is defined in (3.8).
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By admitting Lemmas 7.1-7.4, we can now complete the proof of Lemma 3.3.

Proof of Lemma 3.3: part (i). Notice that

v
S@W) ~, /aﬂ(l_(iﬁy:l%ﬁ. (7.15)
This yields
% ~ kS, (7.16)
Let
Lo(r) == 4 sup  [6S(Y(u)]"/"

u€lTy (0 7(1)]
= 4 sup  [WB(Uw)V"
wel0 ()T (o)

= 4 sup [kB(1)]/*. (7.17)

te[0,U(v(r)—Ty (ax))]

Let € > 0 and recall Ly from (7.5). By (7.16), there exists a constant ¢5; > 0 depending on
¢ such that

{Zom > 051} c {(1 — ) Lo(r) < Lo(r) < (1 +5)Zo(r)} . (7.18)

We look for an estimate of U[y(r) — Ty (a.)] appearing in the definition of Ly(r) in (7.17).

Recall (Dufresnes [9]) that A £
A(F(r)) < Ay, we have

(
2/7,, where v, is a gamma variable of parameter . Since

P[A(F(r)) > 7“2/”] < Py, < 27“’2/”] <

On the other hand, by definition, A(F(r)) = As — §(r) = Ay — e7*/2 (see 3.1), which
implies
2
<P|= ) < :
210gr} - {% = 2logr * (T)l — I'(k)r?

P [A(F (r) <
Consequently, for large r,

2
P{ 5~ 2loglogr < oglo(r) AGF())] < o+ 2hogr f 21—,
K r

Recall that v(r) = Ay [0(r) P A(F(r))], see (7.4). Thus, for large r,

2
P {AY[GXP(ST —2loglogr)] < 7(r) < Ay[exp(gr +-~ logr)]} >1— %2
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By definition, Ay (u Since (R(t) + R2,,,.(t), t > 0) is a (4 + 2x)-

fo RQ s)+R2+2,€( s)"
dimensional squared Bessel process starting from R2 49:(0(r))/d(r), it follows from Lemma
7.1 that there exist constants d3 € (0, 2), cs3 > 0 and c54 > 0, such that for large r,

P {;T — 53t/ < () < gr + 0537“1/2+63} >1-— 0—524, (7.19)
r

where A = 4(1 + k), as before.
To study the behaviour of Ty (), we go back to the stochastic differential equation in
(7.2) satisfied by the Jacobi process Y (), with d; = 2 and dy = 2 + 2k. By the Dubins—

Schwarz theorem, there exists a Brownian motion (B(t), ¢ > 0) such that

=B (4 /OtY(s)(l - Y(s))ds) + /Ot[z — (4+2r)Y(s)lds,  t>0.

Recall that a,, = 1/(4 + 2k). Let t > 2a,,. Since Y(s) € (0,1) for any s > 0, we have, on
the event {Ty (a) > t},

t
~ ~ t
1 < — < << ——
OguguB(s) <B (4/0 Y(s)(1 Y(s))ds) <a,—t< 5
As a consequence, for t > 2a,.,
P(Ty(a,) >t) <P | inf E()<—E <2 _L (7.20)
v (v < dnf Bls)<—5 )< exp | —55 |- .

In particular, P[Ty () > 64logr] < % for large r. Plugging this into (7.19) yields that for
large r,

R 1/246 R 1/246 Cs6

P{XT_CE)E)T SS’y(T’)—Ty(a,{)SxT—FC&gT 3} >1 -

,
Let v = y(r) := 5r — c55r"/?™% and 5 = J(r) := %r + c53r'/27%. Then, for large r,
c
P{U() < Ub(r) ~Ty(a)] UM} 21~ 3.

By Lemma 7.2, for small §; > 0 and all large r,

P%ﬁﬂ—%ﬂﬂsvmm—nmms%k ] f -

res7

We choose 7 so small that 6; < 1/2 — §3. Then for large r, we have (1 — 5 A > [1 -

2(2)%r"kr, and (1 + T))w < [1+2(2)r~*"]kr. Recall that Aty (r) = [1+2(2)%r % ]kr
(see (3.6)). Therefore, for large r,

P {7\t (r)] < Uly(r) = Ty (ax)] < 7p[Aty (r)]} 21—

(7.21)

rest
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Plugging this into (7.17) gives, for large r,
~ 1

PS4 sup  [RBO]VT< Lo(r) <4 sup  [kBOIVTH 21— —.
te[0,m3(At—(r))] t€[0,75(At4(r))] r

Since Ly (r) = 4 SUD; (0,74 (Ats (1))] [k3(t)]"/* by definition (see (3.10)), we have, for large r,

P{E_(r) < To(r) < E+(7«)} >1- rl

By (4.2), P{L_(r) > r(=00/5} > 1 — L, for all large r. Applying (7.18), we obtain: for

large r,

P {(1 — 5)7’(1751)/“ <(1- €)Z,(T) < Lo(r) < (1+ 5)ZA)+(7")} Z css

Recall that P[Ty () > 64logr] < & for large r. In view of (7.6) and (7.7), we have, for

large 7,
P {(1 — )R < (1—e)L_(r) < L[H(F(r))] < (1 + 5)Z+(T)} 1=

On the other hand, applying Lemma 7.3 to z = r(1=29)/% gives P(sup, ., Lx (H(F(r)),z) >
r(1=200/8) < P15 (+00) > r(17200/8) < ¢y /r1=200/(542) for large r, which implies
~ . ~ 1 Ca7
P{(L=)L-() < Ly[H(F ()] < (1+29) Lo (r) } 2 1 = — — i,

proving the first part of Lemma 3.3.

Proof of Lemma 3.3: part (ii). In this part, we assume 0 < £ < 1.
Recall that Ho(r) = 16 [ 77 [I_YY(?JJFT;Y(?;B)Pdu, see (7.5). As in Hu et al. ([13],

p. 3923), this leads to:
Ho(r) = 4 /0 (1 — 2V 2Lo[U(4(r) — Ty (o)), S(x)]da.

By (7.21), we have, for large r,
1
P[I'(r) < Ho(r) < I'.(r)] > 1— g (7.22)

where
IL(r) =

= At(r) /01 v(1— )" "Lg,, ., {7, ,, (V). S(x)/tx(r)}dz,

4 /0 2(1 = 2)5 2 L{rs[Ma (r)], S(2) b
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and, as before, t1(r) = [1 +2(2)%r~)%r, B,(s) = B(v?s)/v. Let Jg be as defined in (7.12).
Then
I;[(T) = 4ti(T)Jﬁti(r) [’fa t:i:(T)? )‘]

Applying Lemma 7.4 to d = 1/2 yields that, for large r,
1

€60’

P{(1—2)T () < Ho(r) < (1 + &)L (r) } 21— (7.23)
where I, (r) is defined in (3.12).

In the case 0 < k < 1, we use once again the inequality P[Ty () < 64logr] > 1 —2r
(for large r) and the estimate (7.7), to see that P[H(r) < ¢ logr] > 1 — 2r=2, for some cg;
and all large r. On the other hand, by Lemma 7.3, P[H_(F(r)) < er| > P[H_(400) < er] >
1 — =51 209, for all large r. Consequently, by (7.23) and (7.6), for large r,

-2

P|(L—o)-(r) < H(F(W) < (L4 Tulr) + “2s(r)| 21—

rces

This proves Lemma 3.3 (ii) in the case 0 < k < 1. B
Now we turn to the case k = 1. We again have P[H_(F(r)) + H(r) < 2er] > 1 — 4

(for large r). By Biane and Yor [4], Cgti( : £ 508" + ce5, where cg5 > 0. Hence, by (5.10),
P[Cﬁti(T) > —mlogr| >1—r~2. Hence, (3.12) gives

IP’{TJr(r) > 16t (r) logr} >1—r2

Consequently, for large r,

P0 < H (F(r)) + H(r) <eli(r) > 1 -

which, in view of (7.23), yields that, for large r,

P[(1—e)T_(r) < H(F(r)) < (1+2e)T(r)] > 1 -

This proves Lemma 3.3 (ii) in the case k = 1. O
The rest of the section is devoted to the proof of Lemmas 7.1-7.4. For the sake of clarity,

the proofs of these lemmas are presented in separated subsections.

7.1 Proof of Lemma 7.1

Let d >4 and Ry £ Ry 2(1), where R is a (d — 2) dimens10nal Bessel process We consider
a d-dimensional Bessel process R, starting from Rj. Let ot fo s)ds. Itd’s formula

gives log R(t) = log Ry + M (t) + %26(t), where M (t fo )~1dB( ) and (B(t), t > 0)
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is_a Brownian motion. By the Dubins-Schwarz theorem, there exists a Brownian motion
(B(t), t > 0) such that M(t) = B(0(t)) for all t > 0. Accordingly,
d—2 ~

TQ(t) = log R(t) — log Ry — 5(6(t)), t>0, (7.24)

Let 03 € (0,4), and let = z(t) := %W.

U

For large ¢, we have

log R 2
P < lfgto > x) =P(Ry > t") <exp (—(1 - e);) :
and oo B
P ( 08 %o < —fL’> =P (RO < t_a:) < cgs t—a:/(d—?).
logt
Thus, for all large ¢,
log R 2 /(e
P ( loggto > x> < exp <—(1 — 5)7) + cgg t /D), (7.25)
Let n := [d]| be the smallest integer such that n > d. Since an n-dimensional Bessel

process can be realized as the Euclidean modulus of an R"-valued Brownian motion, it
follows from the triangular inequality that

R(t) S RO + ﬁn(t)a
L

where (R,(t), t > 0) is an n-dimensional Bessel process starting from 0. Consequently, for
large t,

t(1/2)+x - t(1/2)+z t2a:
P (R(t) > t(1/2)+:v) <P <R0 > = ) +P (Rn(t) > ) < exp (—(1 - 5)—> :

4

and
P (R(t) < t/27") < ceet /"

Therefore, for large t,

log R(t) 1 2
p(|ER2 - 5‘ > ) <o (<= ) vt (726)
Define
logR(t) 1 log Ry
E, = —— < <
2 { logt 2‘_$}ﬂ{ logt ="

d—2

Ey3 = {Te(t) < logt}.

0<s<2(logt)/(d—2)

By = { sup IB(S)Ileogt}-
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By (7.25) and (7.26), we have, for large t,

xT

t
P(EY,) < 2exp (‘(1 - 5)2) + oo t /7.

We now estimate P(Ey2 N ES;). We first observe that on Ejs, we have, by (7.24),

~ -2 1

‘B(@(t)) + dTé’(t) - Qlogt‘ < 2xlogt.
We claim that Ey, N ES, C {|3(6(t))] > 20(t)} for large t. Indeed, on the event B, N Ef3N
{I8(6(1))| < G20(1)},

@iigeu)g (%-+2x>1ogt—jﬂeag)g (%-%2x)logt+—g%%EQ@L

which implies %Q(t) < (% + 3z) log t, which, for large ¢, contradicts d—je(t) > logt on EX;.
Therefore, Eio N Efy C {|B3(0(t))] > %26(t)} holds for all large ¢, from which it follows that

3 d—2
P(Ep,NEY) < P sup 15(s)] >
s>2(logt)/(d—2) S 6

- P<prW”>d_2¢%myyu—zo

w>1 U 6

= (s i) > 15 VEor0 /i)

0<v<1
< exp <—(1 - a)%) .

Since P(EY,) < exp[—(1 — &) %222 logt] (for large t), we have, for large ¢,

P(E}, U Ej; U EY,) < P(EL) +P(Epn Ef) + P(EnN B3N EY)

t
< 2€Xp <—(1 — €)Z> + Cgo t_m/d

+exp (—(1 - 5)%) + exp (—(1 - 5)d ; 2x2 logt> :

which is smaller than exp(—czoz?logt). This completes the proof of Lemma 7.1 via the
trivial observation that Fio N Ej3N Eyy C {| eo(g)t — ﬁ| < % ) O

1
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7.2 Proof of Lemma 7.2

Let v > 0. Recall that for z > 0, 3,(z) := (1/v)B(v?z), and notice that v?7g, (x) = 75(xv)
almost surely. Then,

U@ <75 [(1+ Ml)A]} . (7.27)

By = {m,[(l o <

(%

For §; > 0, define

1

e =ei(v,s) = 1/01“—96)“ {Lﬁv(&sgx)

[

) — Lgv(s,O)} dzx, s >0,

0<s<713, (2))

Ey = { sup |51(v,s)|<v_61}.

Recall (see Hu et al. [13] p. 3924) that Ey5 C Ejg. Thus it remains to prove that for ¢; small
enough, P(E%,) < 1/vY/47%1 for large u. Notice that for s > 0,

1 _ K
le1] < (/ +/ +/ >( 41:)
{S(z)>/v} {S(z)<—/v} {IS(z)|</v}

=: &9(v,8) +e3(v,8) + e4(v, 5) (7.28)

S(x)

Lﬁv(‘g? ) - L,Bv (87 0) dx

with obvious notation.
By (7.15), we have, for all large v (and all s > 0)

1 1
ga(v,8) < 1 /1( . )1/~ (1 —x)"sup[Lg,(s,u) + Lg,(s,0)] dz,

G u>0

which implies

9 \ =t
s as) < (D2) s suwplLa )+ La(s0)

0<s<75, (2\) 0<s<73, (2\) u>0

. (QI) sup (15, (7, (24).1) + 2.

By the second Ray-Knight theorem (Fact 2.2), Z := (Lg,(73,(2A),u), v > 0) is a 0-
dimensional squared Bessel process starting from 2\. Hence, for large v,

1@( sip ex(v,5) > ( 2 )iﬂ (\/5+2)\)) <p (SupZ(u) > ﬁ) _ % (7.29)

0<s<73, (2)) K\/v u>0

Similarly (this time, using S(z) ~ logz, x — 0), we have, for large v,

\/5
sup(w e3(v,s) < exp (—7) sup [Lg, (5, (2N), u) + 2)], (7.30)

0<s<rg, u<0
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which leads to

2\
P sup  e3(v,$) > exp (—@) (Vo+2)\) | < —. (7.31)
0<s<7g, (2)) 2 Vu
To estimate £4(v, s), we note that
eq(v,s) < sup |Lg,(s,u) — Lg,(s,0)]. (7.32)

lul<1/y/5

Let € € (0,1/2), t, > 0, v > 1 and define (83,);, := sSupg<s<y, |B(5)|. Applying Barlow and
Yor ([2], (ii)) to the continuous martingale 3,(. At,), we see that for some constant C., . > 0,

Lg (s,b) — Lg (s,a
sup |Ls,(s,0) I/QB_U( )|
0<s<ty,ab |b — all/?—=

< Coe |18

Y

Then, by Chebyshev’s inequality, for a > 0,

P ( Sup |Lgv(8, b) — L,@v(sv a>| > a) < (\/E)(l/pre)ﬂ/ [C%E H[(ﬂv)ﬂl/%—us]w' (7.33>

0<s<ty, atb b — alt/?—= a”

Let

1/2—
0<s<rp, (21),a7b b — alt/*=

E16 — { sup |L3v(87b) — L@U(S,a” < U;(é—Qa)} .

Recall (7.32). On Ejg, we have

i l(l—2€> —&/2
sup  g4(v,8) < | — v2\2 =uv ” (7.34)

0<s<73, (2)) -

1/4—¢
We choose v := 2 and ¢, := v1/2+< to see that

P(E6(v)) < P(75,(2\) > t,) +P ( sup

0<s<ty,a#b ‘b - a‘1/278
4)\ e—1/4

v 1+2¢ + crv
V21 .
< U—1/4+2a/2

for all large v (if € is small enough). Combining this with (7.28), (7.29), (7.31) and (7.34),

we obtain that, for £ > 0 small enough,

—1/4+¢

P ( sup |81(U,5)’ > 21}5/2) < U—1/4+2g.

0<s<73, (2A)

This gives, with the choice of §; := 2¢/5, P(E¢;) < v~ /45 (for large v). O
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7.3 Proof of Lemma 7.3
We notice that

Ly (+00) = sup sup{e’W“(I)LB[aB(A(T)),A(az)]}

r>0 x<0
< (supe_w“(x)) (supLB[aB(Aoo),y]>.
<0 y<0
Fora >0, a > 0and b > 0, let
E; = {sup e Wrl®) < a},
<0
EIS = {Aoo < Oé};
B = {supLB[aB<a>,y] < b}.
y<0

By the first Ray—Knight theorem (Fact 2.1), there exist two Bessel processes Ry and Ry, of
dimensions 2 and 0 respectively, starting from 0 and Ry(«), such that Lg(op(a), x) is equal
to R3(a — x) for x € [0,a] and to R%(—x) for x < 0. Hence, for a < b,

P(ES) = P(R5(a) >b) —i—/o P, <Sup R3(y) > b) P(R3(a) € [z,x + dz])

y>0

b R%(a)
< dexp (—5) +E( b L@

< [16+E(R1)] S = en.

f=p)

Now, let a := zﬁr?, o := 2772 and b := z~+2. Notice that LY (+00) < zon EjrNEgsNE,
and recall Ao, = 2 /7 (see Dufresnes, [9]), where 7, is a gamma variable of parameter k. We
have for z large enough,

P(Ly (+00) > 2)

IN

P(ET;) + P(ETs) + P(ET,)

1 n 1 2\" + «
— pa— C —_—
a®  kl'(k) \«a b

0732’_%4'2. (735)

IN

IN

This gives (7.10) for z large enough.
It remains to prove (7.11). Define for ¢ > 0,

EQ(] = { min B(S) > _Aooz:ié},

0<s<op(Ax)

Ey = {|A7Y(=2)| < clogz}.
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On E17 N Elg N E19 N E20 N Egl, we have for r 2 O,

0
H_(+o00) = lim exp{ —2W,[A™Y(2)]} Lp{op[A(r)], v}dz
roteo ming< <o p(A(r)) B(S)
0
= lim Lx(H(r),z)dx

oo Ail(minogsgoB(A(r)) B(S))

< |A7! i B Ly
< |a(_min, B)| i (ro0)
< AT (=2)|LY (+o0)
< ezlogz. (7.36)
As B is independent of A, we have
Aso 1

P(E5|Ax) = (7.37)

K+l — kAl
A + Agozrt2 zrt2

Moreover, for ¢ > 2/k, and ¢ > 0,
P(ES) = P(—z < A(—clogz))
clog z
=P (z > / exp(W(—u) + riu/2)du)
0

< PP:&mp( inf m«-@)z@“ﬂ—lﬂ

0<u<clogz K

< ; _

= F (ogulgncflogz W(u) < (1—#rc/2+¢€)log z)
< 9 a(51e)

for all large z. Choosing ¢ large enough, this, together with (7.35), (7.36) and (7.37), gives

(7.11). -

7.4 Proof of Lemma 7.4

Assume 0 < k < 1. Let 0 < d < 1, and consider a Brownian motion 3. Let € > 0 be a small
constant. Recall S(y) = [? -4 and notice that

ax o(l—x)lte

1—SHu) ~ (ku)™V"

Uu—+00
Therefore, there exists x. > 0 such that

15 ()

(Kku)1/m—2

Vu > ., €(l—gl1+e) and S Hu)>(1-¢).
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Let g(t) :=t=', and write

Jo(st0) = / y(1 — Y2 Ly(rs(N), S()/1)dy

SV BT Y o
{S()/t<—g(t)} {—9(t)<S(y)/t<0} {0<S(y)<we} {z=<S(v)}

= J1+J2+J3+J4,

<o (-40) (s ze)

where Z is a O-dimensional squared Bessel process starting from A\ (by the second Ray-—
Knight theorem stated in Fact 2.2). Hence,

with obvious notation.
As in (7.30), for large t,

P {Jl > exp (—%) td} < Z% (7.38)
Fix a large constant v > 0, and define
By = {m()) <},
- { “up |Ls(s,b) — Lg(s,a)] < td(l/Q—i—a—i—l/y)}.
0<s<t2d, ab b — alt/?—¢

Recall that S(a,) = 0. On the event Fas N Es3 and for all large ¢,

I{2—1/nt1—1/m(]3 <

S~ (ae)
rf_l/ﬁ/ y(1 - y)”_Qdy] tE sup Ly(m(A), )

k 0<z<z./t

IN

Coatt 1" [)\ i td(1/2+€+1/7)(l‘€/t)%_6]
< 2)\07415171/'{_

Since P(ES,) < ¢35/t and P(ES;) < c76/t? (see (7.33)), we obtain, for large t,

P(Jy<cr)>1— 7 (7.39)

To estimate J5, we note that, on Fay N Fos, for all large t,

ag
JQ S |:/ y(l - y)“2dy:| sup Lﬁ(Tﬁ()\>, S)
0 ~g(t)<5<0
< Oé,{<1 — Oék)'f*Q |:)\ + td(1/2+€+1/'y)(t571)%75:|

< 20,(1 — )" 2
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Therefore, for large t,
C80

P (JQ < 079) > 1-— t_d (740)

To estimate Jy, we observe that

—+00

J, = g1/ tl/n—l/ (S_1<t:)3))2 (1 =5 (te))™ Ly(rs(\), 2)de.

v/t (rt)t/ =2

Therefore
400
(1—5)3/ ml/“_gLB(Tg(/\),x)dm < gEVm=lR gy
ze/t

+o0o
< (1+a)/ 52 La(m5(N), 2)da. (7.41)
xe/t

Proof of Lemma 7.4: part (i). We assume 0 < x < 1.

On Eyy N g, for large t, we have foxe/t 22 Lg(15(N), 2)dx < egitt TR Tt follows from
(7.41) that, for large t,

Cg2

P[(1—¢)’Ks(k) — (1 — £)3egittTHr < g2YRYR < (1 4 e)Ks(k)] > 1— el

where K3(k) is defined in (3.7).
Since Jg(k,t,\) = J1 + Jo + J3 + Jy, the above estimate, combined with (7.38), (7.39)
and (7.40), yields that, for large t,

P {(1 — &?)3Kg(/<o) — etV < /f2_1/”t1_1/”J5(/<a, t,A) < (14¢e)Ksz(k) + c50t1_1/”}
is greater than 1 — <%. 0

Proof of Lemma 7.4: part (ii). We assume x = 1.
By the definition of Cj (see (3.8)), we have

/oo Lﬁ(Tﬁ(8>’x>d - C _/1 Lﬂ(Tﬁ(8)7x)_8d /1 Lﬁ(TB<8)7I)
—————=dx = (p x+ ——————dx

</t z z </t x

xe/t L -8
= Cﬂ_/o g(Tﬁ(?,ﬂU) dz + 8logt — 8log ..

OIl E22 N E23, for large t,

dz < <e.

x (1/2—e)ti/z—= =

/xe/t |L6(7'B(8)a x) _ 8| L < /xe/t 1d(1/2+e+1/7) 4.1/2—¢ td(1/2+€+1/7)$;/2—5
0 T —Jo
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As in (5.10), P(Cs + 8logt < logt) < r~ 7. Therefore, by means of (7.41), we have, for large
t,
C84
P{(1—¢)"[Cs+8logt] < Jy < (1+¢)*[Cs+8logt]} >1— wa

Since Jp(1,t,8) = J1 + Jo + J3 + Jy (in the case k = 1), this inequality, together with
(7.38), (7.39) and (7.40), yields that, for large ¢,

Cs85

P{(1—¢)*[Cs+ 8logt] < Js(1,t,8) < (1+¢)°[Cs+ 8logt]} >1— —0

as desired. 0
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